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Preface
to the Fifteenth Russian Edition

The new edition of Strength of Materials by N. M. Belyaev has
been published after 1l years. In 33 years that lapsed between the
publication by N. M. Belyaev of the first edition in 1932 and the last
fourteenth edition in 1965 a total of 675 000 copies of the book were
sold, testifying to its wide popularity. During this period the book was
periodically enlarged and revised by N. M. Belyaev and, after his
death in 1944, by a group of four of his co-workers. This group, which
prepared from the filth to the fourteenth editions for publication, did
not consider it proper to make substantia] changes in the original
work of N. M. Belyaev. Additions were done at one time or another
only when they became absolutely necessary due to changes in stan-
dards and technical specifications and in the light of recent research.

In the present edition, prepared by the same group, a number of
topics have been dropped either owing to their irrelevance to strength
of materials or because they are rarely taught in the main course. The
topics that have been dropped include Contact Stresses, Riveted Beams,
Reinforced Concrete Beams, Approximate Methods for Calculating
Deflection of Beams, Beams on Elastic Foundation, Design of Thin-
wailed Bars, all graphical methods, and a part of Complicated Prob-
lems of Stability Analysis, the other part of the last topic being pre-
sented in an abbreviated version. The reader may refer to the earlier
editions of this book or special monographs in case information is
required on these topics.

Considering the availability of a large number of problem books
(see, for instance, Problems on Strength of Materials edited by V. K. Ka-
churin) on the market, most of the examples have been dropped from
the present edition. Only examples that are essential for the explana-
tion of theoretical part have been retained.

For greater compactness the problem of design for safe loads has
now been included in Chapter 26 For the first time the chapter inclu-
des the principles of design for limiting states, which though beyond
the limits of the basic course of strength of materials are important
enough to require an exposition of the basic concepts even at this stage
of teaching.

The problems of strength, which in the previous editions occupied
two chapters, have been grouped into one. The part dealing with actual
stresses has been transferred to Chapter 2, where it has been presented
in a sufficiently detailed manner.

The tables containing data on materials have been dropped from the
appendices. A part of the data on materials has been transferred to
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corresponding sections. The obsolete stee! profiles grading has been
replaced by new ones.

As in the previous editions it was our endeavour to preserve Belyaev’s
style and method of presentation of material. Therefore the author’s
text has in general been preserved. If Nikolai Mikhailovich Belyaev
were alive today he would gossibly write many things in a different
way. However, since the book won wide porularlty as written by
N. M, Belyaev, we tried to preserve the original text as far as possible.

The work involved in preparing the fifteenth edition for publica-
tlon was distributed among the group as follows: Chapter 13, § 80
of Chapter 14, Chapters 15-19, 24-25—L. A. Belyavskii; Chapters 6,
8-12, 27-28-Ya. 1. Kipnis, Chapters 1-5, 26 and appendices—N. Yu.
Kushelev; Chapter 7, § 79 of Chapter 14, Chapters 20.-23, 29-32—
A. K. Sinitskii,

A. K. Sinitskii
March 1976
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PART |

Introduction.
Tension and Compression

CHAPTER 1
Introduction

8 1 The Science of Strength of Materials

In designing structures and machines, an engineer has to select the
material and the cross-sectional area of each element of the structure
or machine so that it enables the element to have strength to resist
external forces transmitted to it by adjacent elements of the structure
without failure of strength or distortion of shape, i. e. the element
should function properly. Strength of materials provides the engineer
with fundamentals for a proper solution of this problem.

Strength of materials deals with the behaviour of various materials
under the action of external forces and points out how to select the
appropriate material and the cross-sectional area of each element of
the structure so as to prpyide fully reliable functioning and the most
economic design.

Sometimes, strength of materials has to deal with the problem in a
modified form—to check the dimensions of a designed or existing
structure.

The conditions for maximum economy in design and reliability of
functioning are contradictory. The former demand minimum consump-
tion of materials whereas the latter lead to increase in consumption.
This contradiction forms the basis of the technique, which has facili-
tated the development of strength of materials.

Often the existing methods of checking the strength and the availab-
le materials are unable to meet the practical requirements for providing
answers to new problems (for example, attaining high speeds in engi-
neering in general and in aerostatics in particular, long-span structures',
dynamic stability, etc.). This initiates a search for new materials
and study of their properties, and inspires research for improving the
existing methods of designing and devising the new ones. Strength of

materials must keep pace with the general development of engineering
and technology.

2-3310
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Sometimes, besides the chiel requirements of maximum reliability
and economy, an engineer has to ensure fulfilment of other conditions
too, such as quick building (when restoring broken structures), mini-
mum weight (in aircralt design), etc. These condilions influence the
dimensions, the shape and the material of the various elements compris-
ing the structure.

The emergence of sirength of materials as a separate science dates
back to 1638 and is intimalely connected with the works of Galileo
Galilei, the great Italian scientist. Galileo was a professor of mathe-
matics at Padua. He lived in a period which saw the disiniegration of
the feudal system, the development ol trade capital and inlernational
maritime transport, and thebirth of mining and metallurgical indus-
tries.

The rapid economic developments of those times called for speedy
solutions of new {echnological problems. Increase “in international
maritime trade perpetualed the need for bigger ships which in turn
eniailed changes in their design; at the same {ime it became necessary
to reconstruct the exisling and {o build new internal walerways, in-
cluding canals and sluices. These new technical problems could not be
solved by simply copying the existing designs of ships; it became
necessary o judge the strength of elements keeping in mind their size
and the forces acling upon them.

Galileo devoled a considerable part of his work to the study of {he
dependence belween the dimensions of beams and bars and the loads
they could withstand. He pointed out that the results of his experiments
may prove very useful in building big ships, especiatly in strengthening
the deck and covering because low weight is very important in siruc-
tures of this type. Galileo’s works have been published in his book
Discorsi e Dimostrazioni Malematiche . . . (“Dialogue on. Two New
Sciences . ..") (1638, Leiden, Holland).

Further development of strength of materials went on in step with
the progress of mechanical and civil engineering, and materialized
owing to the research work done by a large number of eminent scien-
lists, mathematicians, physicists and cngineers. Russian and Soviel
scientists occupy an important place amongst them. Brief informalive
sketches about the role played by individual scieniists in the develop-
ment of some problems of strength of materials are given in correspond-
ing chapters of the book.

§ 2. Classification of Forces Acling on Elements
of Structures

When in operalion, the elements of structures and machines are
subjected to exlernal loads, which they transmil {o one another. A dam
bears ils own weight and the pressure of water that it holds and irans-
mits these forces {o the foundation. The sieel trusses of bridges lake
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the weight of the train through the wheels and rails and transmit it to
the stone supports, and the latter, in turn, communicate this load to
the foundation. The steam pressure in the cylinder of a steam engine is
transmitted to a piston rod. The pulling force of the locomotive is
transmitted to the train through a coupler which connects the tender
with the wagons. Hence, the elements of structures are subject to either
volume forces acting on each element of the structure (dead weight) or
forces of interaction* between the element under consideration anti
adjoining elements or between the element and the surrounding medi-
um (water, steam or air). In future, when we say that an external force
Is being applied to an element of the structure, this will imply the
transmission of force of pressure (motion) to the element under consid-
eration from adjoining elements of the structure or the surrounding
medium.

The forces may be classified according to a number of criteria.

We distinguish between the concentrated and distributed forces.

A concentrated force is defined as the force of pressure transmitted to
the element of structure through an area which is very small as compa-
red to the size of the element, for example, the pressure of the wheels
of a moving train on the Tails.

In practice the concentrated force is considered to be acting at a point
owing fo the small area through which the pressure is transmitted.
We must keep in mind that this is an approximation which has been
introduced to simplify the calculations; actually, no pressure can be
transmitted through a point. However, the error due to this approxi-
mation is so small that it may be generally ignored.

A distributed force is defined as the force applied continually over a
certain length or area of the structure. A layer of sand of uniform thick-
ness spread over the sidewalk of a bridge represents a force which is
uniformly distributed over a certain area; if the thickness of the sand
layer is not uniform we shall obtain a non-unifornily distributed load.
The dead weight of a beam in the ceiling represents a load distributed
over its length.

The concentrated loads are measured in units of force (tons, kilog-
rams, newtons **); the loads distributed over an area are measured in
terms of force per unit area <tf/m*. kgf/cm*, N/m*, etc.); the loads
distributed along the length of an element are expressed as force per
unit length (kgf/m, N/m, etc.).

The loads may further be classified as permanent and temporary.
The permanent loads act throughout the whole life of Ihe structure,
e.g. dead weight. The temporary loads act on the structure only for a

* To be precise, the weight of a body is the force of interaction between the
body and the earth.

** In the Sl system, which is now preferred and recommended, the force is mea-
sured In newtons (1 N«0.102 kgl).

2%



20 Introduction. Tension and Compression (Part I

certain period of time—the weight of the train moving along the bridge
may be cited as an example.

According 1o the nature of action, the loads may be classified as
static and dynamic.

Static loads act on the structure gradually, after being applied to the
structure they either do not change at all or change insignificantly;
the majority of loads acling in civil and hydraulic structures are of
this nature. Under the influence of static loading all elements of the
construction remain in equilibriuwn; accelerations in the elements of
the structure are either totally absent or so small that they may be
neglected.

Ii, however, the acceleration is considerable and the change in
velocity of the machine or struclure takes place in a shorl {ime, the
load is known as dynamic.

The examples of dynamic loads are suddenly applied load, impact
load and repeated variable load.

Suddenly applied loads are transmitted instantaneously in their
lotal magnitude. An example of this type of loading is the force of
pressure of the wheels of a locomotive when it enters a bridge.

Impact loads appear when there is a sharp change in the velocity of
adjoining elements of a siructure, for example the impact of drop
hammer during pile driving.

The repeated variable loads act on the elements of struclures for a
considerable number of {imes. For example, repeated steam pressure,
alternately streiching and compressing the pistonrod and the connect-
ing rod of the steam engine. In a number of cases the load represents
a combination of dynamic loads of different nature.

We shall first of all study the resistance of materials to static loads;
the selection of material and cross-sectional area for each element of
the structure does not present many dilficulties in this case.

In Chapters 29-31 we shall discuss {he action of dynamic loads in a
number of instances which occur as often as static loads; they require
careful study because their efiect on the elements of structures difiers
from that of static loads, and the material also resists them in a differ-
ent manner.

Concluding the classification of forces acling on the elements of
structures, let us consider the action of parts which support these
clements; the forces acting on these supports are known as the reaction
forces—they are unknown quantities and are determined from the
condition that each element of the structure must remain in equilib-
rium under {he action of zll the exlernal forces applied {o it and the
reaction forces.
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the interatomic forces that appear as a result of the deformation caused
by the action of external forces.

In strength of materials this is achieved by the method of sectiuns,
which we shall try to explain by the following example. Lel us imagine
a bar (Fig. 1), which is subjected to the action of two equal and oppo-
sile forces, P, and let us imagine that the bar is cut in two parls /

I m ¥

n

Fig. 1

and /7 by a plane mn. Under the action of forces P both halves of the
bar tend to go apart, but are held together owing fo the forces of inte-
raction between the atoms located on both sides of plane mn. The
resultant of {he forces of interaction is the infernal force transmitted
through man from one half of the bar to the other, and vice versa. The
internal force of interaction per unit area around any point of section
mn is called the siress at the point of the given section. The stresses
acting from part 77/ on part [ and from part / on part I/ are equal
in magnitude according to the law of action and reaction.

A number of planes dividing the bar in two parts in diflerent ways
can be drawn through a single point of the bar. The magnitude and
direction of the stresses transmitted {hrough the given point from one
part of the bar to the other will depend upon how the plane cuts the
bar.

Thus, il is wrong to speak of stresses without indicating the plane
through which they are being transmitted. Therefore we speak about
“the stress on a particular area in a particular plane”. Since stress is a
force per unit area, it is measured in kgficm®, kgi/mm?, ti/cm?, ti/m?,
N/m?, elc.

In fulure, we shall denote stress by letters p, o, and «; lelter p is
used for siresses applied to certain area in any plane inclined at an
arbitrary angle, o denotes stress at right angles (o the plane, i.e. normal
siress, and = denotes stress in the plane, i.e. shearing stress.

The siressat any point is the measure of internal forces which appear
in the material owing to ils deformation under the action of external
forces. The force transmitied from part / of the bar to part /7 (see
Fig. 1) holds part /7 in equilibrium, i.e. counterbalances the system of
external forces acting on part //. This force may be expressed in terms
of the stress to be determined: il we consider an elementary area d4
in the plane of cutting, then the elementary force acting on this efe-
mentary area will be p dA, where p is the siress at the poinl around
which the elementary area is located. The sum of these elementary
forces gives us the total force transmifted through the particular plane,
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Thus, to determine the stresses, it is necessary to imagine the ele-
ment to be cut in two parts and write down the conditions of equilib-
rium for the system of forces acting on one of the cutoff parts; this
system includes the external forces applied to the part of the bar under
consideration and also the force transmitted through the given plane
and expressed in terms of stresses sought. This is the method of sec-
tions, which we shall constantly apply in future.

Let us point out, that, in strength of materials, lhe term "stress™
is verv often used instead of the expression “internal forces of interac-
tion between parts of the bar”; therefore in future when we mention
“uniform and non-uniforin distribution of stresses over the section”
and “force as the sum of stresses”, we must bear in mind that these
expressions are to a certain degree conventional. For example, to deter-
mine the force one cannot sum up the stresses at various points; as
mentioned above, it is necessary to find at each point of section the
elementary force which is transmitted through an elementary area dA
and then sum up ail these values. Recapitulating what has been writ-
ten above, we come to the conclusion that when an external force is
applied to an element of structure, the latter gets deformed and the
deformation is accompanied by stresses in the element.

Strength of materials studies, on the one hand, the relation between
the external forces and, on the other hand, the deformations and
stresses due to them. This enables the engineer to solve the important
problem of selecting a bar of proper dimensions and appropriate mate-
rial to resist the external forces. In the next section we shall give an
outline of the solution to this problem.

8 4. Scheme of a Solution of the Fundamental Problem of Strength
of Materials

While selecting the size and material for an element of the structure
we must provide for a certain safety factor against its failure and plas-
tic deformation. The element should be designed so that the maximum
stresses that occur during its operation should always be less than the
stresses at which the material fails or undergoes plastic deformation.

The stress at which the material fails is called the ultimate (tensile)
strength; we shall denote it with the same letter as stress but with
subscript u. The stress beyond which the material deforms insigni-
ficantly and only up to a predetermined value is known as the elastic
limit* -These quantities are known as the mechanical characteristics
of resistance of materials to failure and plastic deformations. To ensure
the smooth functioning of the structure without a risk of failure, we
must see to it that the element is only subjected to stresses which are
less than its ultimate strength.

* Ultimate strength and elastic limit will he more precisely explained in § 10-
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The permissible siress is denoted by the same letier but is put in
square brackets; it is retated to the ultimate sirength p, by the fol-
lowing expression:

[p] =22

where £ is the sufefy factor which shows how many times the permissible
stress is less than the ullimate (tensile) strength. The vaiue of this
factor varies from 1.7-1.8 to 8-10 and depends upon the operating con-
ditdions of the structure. It will be discussed in greater detail in §§ 16
and 17,

Denoting by pp,, the maximum stress that appears in the designed
element under the action of external forces, we mayv write the basic
}:oll}dition. which the size and material of the element must satisfy, as
ollows:

Prax <[] (1.1)

This is the strength condition, which states that the aciual stress must
be not greater than the permissible.

Now we may compile the plan for solving the problems of strength
of materials as follows.

(1) Ascertain the magnitude and nature of all the external forces,
including the reactions, acting on ihe element under consideraiion.

(2) Select an appropriate malerial thal is most suitable in the
working conditions of the element (structure) and the nature of loading;
determine the permissible stress.

(3} Set the cross-sectional area of the element in numerical or algeb-
;‘aic fort?, and calculate the maximum actual stress p,,, which deve-
ops in it.

(4) Write down (he strength condition p,.< [p] and with the help
of it calculate the cross-sectional area of the element or check whether
the set value is sufficient.

The plan of solution of problems in strength of materials is sometimes
altered; in some siructures the safety factor for the whole structure
is found to be greater than hat for the material in the point of great-
est stress. I the limiting lifting capacity of the material is exhausted
at this point, this does not necessarily mean {hat the limiting lifting
capacity of the whole struciure has also been reached. In such cases,
the strength condition py, <Clpl is replaced by the strengih condition
for the structure as a whole;

PPy, =Lt

here P is the load on the structure, P, is its permissible value, and
-Py is the limiting force which the strucfure can withstand without brea-
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king down. Thus, the design based on permissible stresses is replaced
by the design based on permissible loads.

In this case, it is necessary to:

(1) ascertain the magnitude and nature of all the external forces,
acting on the given element;

(2) select the appropriate material that is most suitable in the
working conditions of the structure and also takes into considera-
tion the nature of loading; determine the safety factor;

(3 set the cross-sectional area of the elements of structure in nume-
rical or algebraic form, and calculate the maximum permissible
load P™A

(4) write clown the strength condition P*Pper and with its help
calculate the cross-sectional area of the elements of structure or
check whether the set dimensions are sufficient.

In a number of cases, as we shall see later (§ 150), both methods give

similar results.

In general, we shall be using the conventional method of design
based on permissible stresses; however, along with this, the method
of design based on permissible loads will be explained, especially in
cases where the two methods give dissimilar results.

In the majority of cases the strength condition must be supplement-
ed by stability and rigidity tests. The first test ensures that the
elements of structure must not change their predetermined type of equil-
ibrium, and the second test sets limits to the deformations of elements.

While solving problems on strength of materials, we have to take
the help of theoretical mechanics and experimental techniques. The
determination of external forces is based on equations of statics; in
statically indeterminate structures, it is essential to determine the
deformation of the material. This, as shown in 8§ 18, is possible only
if we have reliable experimental data on the relation between deforma-
tions and forces or stresses.

To estimate the permissible stresses we must know the ultimate
strength of the material and its other mechanical properties. This
information can also be obtained by a study of the properties of mate-
rial in special material testing laboratories. Finally, to determine actu-
al stresses we seek the help of not only mathematical analysis and mech-
anics but also the available experimental data. Thus strength of ma-
terials consists of two methods of solving a problem: analytical, based
on mathematics and mechanics, and experimental. Both these methods
are closely interrelated.

Strength of materials should not be considered a branch of science
which deals only with theoretical determination of stresses in some
homogeneous elastic body. The problems studied in strength of mate-
rials can be solved only if we have sufficient experimental data on the
mechanical properties of real materials, keeping in mind their struc-
ture, methods of fabrication and machining. Therefore, we have paid
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considerable attention to this aspect in our book. Expcriments play
an important role in the understanding of a subject and must be car-
ried out by the students along with their theoretical studies. These
experiments, worked out on the basis of facilities and equipment
available in the strength testing laboratories, have becn presented in a
separate manual.*

Although at the very ouiset sirength of materials was identified
with the necessity for solving a number of purely practical problems,
its further development was more on the theoretical side, resulting at
times in discrepancies belween the oulcome of experimental investi-

P*—@ 9—).0

(@

Fig. 2

gations and their practical application. Laboratory research went along
a special path, chiefly to set the acceptable standards for various types
of materials. Now strenglh of materials studies real materials in
accordance wilh their operation in slruciures acceniuated by intensive
experinenttal and theorelical investigalions for solving developing
day-lo-day practical problems. These problems, for example, are those
connecled with the study of the strength of new materials, conditions
pertaining lo their failure, determination of stresses not only within
the limits of elasticity but also beyond them, etc.

* N. M, Belyaev, Laboratory Lxperimenis in Strength of Materials, Gostekhiz-
dat, 1951 (in Russian).
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The equivalent forces must balance force P. Therefore they must
compose a resultant force N equal in magnitude to force P and directed
along the axis in the opposite direction (Fig. 6). This resultant N
is the force acting in the bar.

In future the resultant of internal elastic forces, transferred from
one part to the other across the imaginary section, will be called normal
or axial force. However, since the cutoff portion of the bar must remain
in equilibrium under the action of the normal force and the external
forces acting on it, the normal force may also be calculated through
the external forces. It is numerically equal to the resultant of external
forces applied to the part of the bar under consideration and acts
in the opposite direction. If the normal force acts inwards into the
part under consideration, the bar is said to be compressed; if it acts
in the opposite direction, the bar is said to be in tension.

Thus, the conditions of equilibrium of the remaining portion of the
bar only give us the magnitude of the resultant of the internal forces
transmitted through section mn, its direction and point of application.
They, however, do not give us any idea of how the stresses are distri-
buted over the section, i.e. what forces are being transmitted through
various unit areas of the section. Let us point out that to ascertain the
maximum danger of failure of a material, it is essential to determine
the maximum stress and also the unit area of the critical section
through which it is transmitted.

Experiments on tensile loading of bars of various materials reveal
that If the forces are directed along the axis sufficiently accurately,
then the elongations of lines drawn on the surface of the’ bar parallel
to the axis are equal. This gives rise to the hypothesis or uniform
distribution of stresses over the section. Only at the faces of the bar,
where force P is directly transmitted to it, the distribution of stresses
over different parts of the section is not uniform. The portions to which
force P is applied directly gel overloaded; but just a small distance
away from the point of application of the force the material starts
behaving more uniformly and stress distribution over the section
perpendicular to the axis becomes uniform. These stresses are directed
parallel to force P, i.e. perpendicular to the section; therefore they
are called normal stresses and denoted by the letter 0. Since they are
distributed uniformly over the section, N=0A\ on the other hand,
N—P. Hence

£
O_A 2%

This formula enables us to determine stress a if the tensile force and
the cross-sectional area are known. On the other hand, if ue know the
maximum permissible normal stress, this formula helps us to find the
required cross-sectional area A.
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§ 7. Permissible Stresses.
Selecting the Cross-sectional Area

To ascertain the permissible stress limit for proper functioning
of a bar of the given material, we must experimentally establish the
relation between the sirength of the bar and the stresses that appear
in it. For this, it is essential to prepare a specimen (usually of a round
or rectangular cross section) of the given material, clamp its ends in a
machine for lensile loading and gradually increase the tensile force P.
The specimen will stretch and ultimalely break down.

Let P, be the maximum load which the specimen can sustain before
rupture. The normal stress due to this load is

P

_Fa
0, ==

and is called the ultimale (tensile) strengih of the material under tension.
It is usually expressed in the units kglimm? or kgl cms.

As pointed out earlier in § 4, the maximum permissible normal
stress [o] is several times less than the ultimate strength o,; the per-
missible stress is obtained by dividing the ultimate strength by the
safely factor £. The value of £ depends upon a number of factors, which
shat] be discussed in delail later on (§ 16). At any rate, the value of
the safety faclor must ensure not only the normal working of the ele-
ment, i.e. working without failure, but also prevent the formation of
plastic deformations which may aflect the working of the machine or
structure. The safety factor depends upon the materiat of the element,
nature of the forces acting on the element, economic conditions and a
number of other faclors.

In view of the importance of properly selecling the safety factor and
the permissible stress, these quantities have been standardized for a
large number of structures and machines, and must be strictly foliowed
by the designers. Hence, the permissible stress [a] may be considered
in each case a known quaniity. Therefore, to determine the cross-
sectional area of a stretched bar one may, using formula (2.1), write
down the strength condition; this condition states that under the action
of a force P, the actual siress in a stretched bar must not exceed the
permissible siress lal:

o= <lo] 22)

From this condition the minimum cross-sectional area of the bar
may be determined as

Az (2.3)

With the help of formula (2.3), one can select the cross-sectional area
of the bar.
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Sometimes the cross-sectional area is preset. Then, from formula
(2.3) we can find the permissible load

P<A[a] (2.4)

Returning to the design of the wagon coupler (8 6, Fig. 4), it Is
required to select the material and the permissible stress. The coupler
Is made of steel with an ultimate strength of about 50 kgf/mm*. The
material is selected such that the coupler is not too heavy, this condi-
tion being fulfilled only by using a high-strength material. At the same
time, the material should have good resistance to shocks and impacts
Q_st?el of a very high ultimate strength cannot be used because it is

rittle.

The coupler should not only withstand fracture but also resist any
noticeable plastic deformation to prevent jamming of the coupler
thread. The elastic limit for the selected steel isapproximately 0.6
times its ultimate strength cr«. Weshall see later that the stress under
sudden loading is nearly twice its value under static loading, i.e. its
value as determined Under laboratory conditions. The permissible
stress should therefore not exceed

0.5x0.6afl= 0.3(TB
Hence, the safely factor

Therefore, in this case we may take the permissible stress
[oj=Y"'=0.3a, = 50x0.3= 15kgf/mm* = 1500 kgf/cma

The required cross-sectional area at P=25 tf is

A _P__25000
H~ [o\- 1500 Lo-7cCras

The diameter of the coupler d is computed from the condition

”j* A5516.7

wherefrom
Y -4.55cm * 4.5¢cm

The calculated diameter corresponds to lhe base of the thread with
the minimum cross-sectional area. When the cross-sectional area of
the bar is decreased in a particular place, for example due to a bolt or a
rivet hole, a circular cut or a groove (threading), it is essential to de-
termine the minimum cross-sectional area, called net area and denoted
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by A, 0r A,. The cross-sectional area without weakening is called the
gross area and denoted by Ag.,, or A,. Having compufed the net
area A,, we can obtain the gross area A, from design considerations.
The formulas derived above are valid Jor tension. They can be used
for compression as well without any changes. The difference will be
in the direction of normal stresses and the magnitude of the:permissible
stress la]. The compression of bars is more complex in that the bar may
become unstable, i.e. it may suddenly bend. Designing for stability
will be discussed in Part VIII. , :
Figure 7 shows normal distribution in a section perpendiculas to the
axis of the bar for tension and compression. For a number of materials
(e-g. sleel) the permissible stress value is the same in tension and com-

Tension
P =i -1’---§§ 4 §~-I—- ~f->P
C;mpm:sion
psfI- & ¢ I -T-Jr
I:Ig. 7

pression (for short bars, i.e. bars in which the length does not exceed
five times the diameter of cross section). In other materials (e.g. cast
iron) the permissible stress is different in tension and compression,
depending upon the ullimate strength for the recorded deformations.

In a number of cases, compressive stresses are transmitted from one
element of construction to another through a comparatively small area
of contact between them. This {ype of siress is generally called the
bearing, or contact stress. Stress distribution around the area of contact
is very complex and can be analyzed only by methods of the theory
of clasticity. Usually, in simple designing, these s{resses are considered
as compressive stresses and a special permissible siress limit is fixed.
Laler on the question of selecting permissible stresses in special cases
will be dealt with in grealer defails.

§ 8. Deformations Under Tension and Compression.
Hooke's Law

To have complete idea about the working of a stretched or compressed
element, it is cssential to know ways ol calculating the change in its
dimensions. The corresponding laws can be obtained only on the basis
of experiments with a stretched or compressed specimen of the given
material; these experiments also help to study the strength of the ma-
terial and determine its ultimate strength and other characteristics

§ 10).
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The modulus of the ratio of the relative lateral deformation e, to
the relative longitudinal deformation e is called the coefficient of lateral
deformation, or Poisson's ratio p:

I K (2.8)

Like the modulus of elasticity £, Poisson's ratio p is also characte-
ristic of elastic properties of materials. For materials which have
identical elastic properties in all directions, these properties can be
completely characterized by constants £ and p. Such materials are
called isotropic. With sufficient accu-
racy as far as practical application
is concerned, we may consider
steel and other metals, most of the
stones, concrete, rubber and non-
laminate plastics as belonging to
the group of isotropic materials.

In addition to the isotropic mate-
rials, we also have anisotropic ma-
terials, i.e. materials having dissi-
milar properties in different direc-
tions. To this group of materials
belong wood, laminate plastics,
some of the stones, cloth, etc. A
single value of £ and p cannot char-
acterize their elastic properties; it Fig. 8
is essential to have a number of
values of these constants in various directions.

For numerical determination of p, it is essential to measure simulta-
neously the longitudinal and lateral deformation of a bar under tension
or compression. Generally, these deformations are measured in stretch-
ing a specimen in the form of a long and wide plate (metals), or
for a prismatic specimen (stone) under compression.

The values of the coefficient of lateral deformation of various ma-
terials are given in Table 1 for deformations within the clastic limits.

Knowing the value of p, we can calculate the change in the volume
of the specimen under tension or compression. The length of the de-
formed specimen is /(1+&). The cross-sectional area of the deformed
specimen is A (1—ep)2 The volume of the deformed specimen is

Vt=AlI(1+ e)(l—pe)a- V(1 + e) (1—pe)*

where V is the initial volume.
~Since e is a negligibly small quantity up to the limit of proportiona-
lity, we may ignore its square. Then volume V\ becomes

V.-V [I+»(1- 2p)]
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The relative increase in volume (volume strain) is

If Poisson’s ratio p=0.5, there is no change in the volume due to
deformation. However, since p<0.5 for a majority of the materials,
tension is accompanied by an increase and compression by a decrease
in the volume. For rubber p«0.5, therefore there is almost no change
in Its volume when it is stretched.

The lateral deformation that accompanies the longitudinal deforma-
tion has great practical significance. More light will be thrown on this
aspect in the succeeding discussion.

Let us consider the following example of applying the methods and
formulas derived above.

Example. Aload of Q=4 tf is suspended from bracket ABC, consist-
ing of a wooden rod AC and an iron pull rod AB (Fig. 9). Pull rod AB

has a round section and rod AC a square section. Find diameter d of
rod AB and sides a of the square section of rod AC if the permissible
stress for wood isle. 1=25 kgf/icm2 for steel I<r+I=900 kgf/cm* ([a_]
is the permissible stress under compression, lo+l is the permissible
stress under tension); determine the vertical and horizontal displace-
ments of point A. The length of rod AC is U=I] m,

Forces A\ and A’ in rods AB and AC can be determined from the
equilibrium condition of hinge A, at which the given force Q and the
unknown forces N, and are applied.

By plotting the equilibrium triangle for these forces (Fig. 10), we get

AT = =20Q=8 ff
A = Qcot30*= Q1/3 = 6.93tf
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and the veriical displacement (Fig. 11 (b))
fi=4.4,= AﬂAd + A,4,
A A, = AA, = Al sina
and l A
Ady= At“qam .

The segment

But
AA,=AA,+A,A,=Al cosa+ Al
Therciore

3 I Afjcos?a+Alycosa
AA,=(Al, cos e+ Al,) om = Tsme

Consequently,

] Al cos2e-d Al Al 4- Al
fi= A+ A Ay = Alsino,  Alucosact Sacoser 28y cos e

Deformation of the rods is determined by the formulas

_;Vglg __0930}4 100_ -
A[, —m—- 0530173 =2.4%10"% cm

All=‘z.';' = 8"023130;52 =5.07x10-? cm
208 e x VT

Hence the horizontal displacement of point A4 is f,=0.24 mm, and the
verlical displacement is

V3
0.5074-0.24 X ——
_L\11+Alg COS“_ —_— 2 )
fi= e = s =1.43 mmn

Tolal displacement AA, is
f=VE+E=V1.4340.24=1.45 mm

CHAPTER 3

Experimental Study of Tension and Compression
in Various Materials and the Basis
of Selecting the Permissible Stresses

§ 10. Tenslon Test Diagram.
Mechanical Properties of Materials

In the previous chapter, while determining the cross-sectional area
and deformation, we came across a number of quantities which chara-
cterize a material not only within the limit of proportionality fmodulus
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of elasticity, limit of proportionality) but also beyond it up to its
complete breakdown (ultimate strength). To have a good idea about
the mechanical properties of materials under tension or compression, it
is essential to study experimentally the phenomena that accompany
these processes.

By the difference in their mechanical properties under simple tension
or compression at room temperature, the materials may be classified
as brittle and ductile. The brittle materials break down under a very
small residual deformation. The failure in case of ductile materials
occurs after a considerable residual deformation. Cast iron, stone and
concrete, are examples of brittle materials. The low-carbon steels and
copper belong to the group of ductile materials.

Let us examine the behaviour of both types of material when subject-
ed to tension till failure. A prismatic specimen of round or rectangular
section is prepared, the working portion of the specimen is calibrated
in centimetres <~ fractions of centimetre ,to be able to ascertain
the change in its length after the experiment. The specimen is placed
on the testing machine and its ends are.clamped. By straining the spe-
cimen axially it is stretched with a load, which increases gradually
without shocks or impacts. A number of successive load values are
applied, and the. corresponding increases in the length / marked on
the specimen are measured.

The experimental results can best be represented in the form of a
tension test diagram; a majority of thetesling machines have an attach-
ment which automatically plots this diagram when the specimen is
stretched. In this diagram, load P is plotted along the vertical axis and
elongation A/ along the horizontal axis.

The tension test diagram for a specimen from ductile material, e.g
low-carbon steel, is of the pattern shown in Fig. 12. The first part of the
diagram up to the point A corresponding to the limit of proportionali-
ty is a straight line. Ordinate OAI is the value of the tensile force that
corresponds to the limit of proportionality I.e. the maximum stress
which, if exceeded, results in deviation from Hooke’s law; for low-
carbon steel op is approximately equal to 2000 kgf'cm*. This stress is
determined from formula (2.1) in which the original value -of the cross-
sectional area A is used. This stress is known as conditional stress.
In future, no special mention will be made when the original cross-
sectional area is used. The word conditional will also be dropped.

When the tensile force is increased beyond ordinate O A the defor-
mation starts increasing more rapidly than the force—the diagram takes
a curved shape bulging outwards. Then we notice a sharp change in the
behaviour of the material; at a certain value of the tensile force OCt
the material begins to “flow”. Almost no force is required to further
deform the body. A horizontal (or almost horizontal) plateau is ob-
tained on the diagram. The stress at Which the material starts to flow,
I.e. at which the deformation increases at an almost constant load) is
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where

is the conditional strain.

Formula (3.6) cannot be used in case of non-uniform deformation
because it is difficult to measure Al for computing e.

It is known that the specimen volume does not change under non-
uniform deformation beginning from the moment of neck formation.
This is known as the law of constancy of volume and may be expressed as

Al,= Al

where 4, is the original cross-sectional area. It ensues that
Agly=(A,—AA) (I, +4)

after dividing by Al
] =aBo—AA Lo A

AO L}

or
(1—y)(1+e)=1, where 1p==% j
wherefrom
1
1 +8=l—:-$

Upon substituting the last expression in formula (3.6), we finally ob-
tain

e=Ini— (3.7)

1 lt< should be noted that ¢ is determined in the narrowest part of the
neck.

In order to obtain the relationship between true and conditional
stresses it should be recalled that

P=0Ao=az

where o is conditional stress, i.e. stress related to the original cross-
sectional area. Further,
—A _—A,—~AA_ -
0‘=0"‘T‘;= 0—0-5—--':0(1—\{))
and ,

0’=G'l—_—*'
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Considering the relationship between e and ¥, earlier obtained for
conditions of uniform deformation, we obtain

a=o(l +¢2) (3.8)

Under conditions of non-uniform deformation, beginning from the

moment of neck formation, true stress ¢ is found directly from formula
(3.4) as it is meaningless to determine conditional stresses in this state

of the specimen because of the large difference between A and A,.

s e Gt e s e atpen ST B Sy

Gu
S ! .
=D Eu e - &
F ) op—
Fig. 18 Fig. 19

The true stress-strain diagram is shown in Fig. 18. However, for
practical use this diagram is somewhat simplified. It is considered that

6,~0, and a small portion of the curve just preceding rupture is
ignored. The diagram is then plotted as shown in Fig. 19.

P -
Yield stress o,=-{, The frue ultimate sirengih g, is calculated from

the formula (3.8). ’
The true rupture stress is found from formula (3.4), i.e.

~ The frue uniform elongation is determined from formula (3.6) i.e.
e, =In(1+-¢), where & is the conditional strain at the moment when the
neck begins to form.

Finally, the fofal {rue rupiure strain is found from formula (3.7),
where ¢ is computed for the cross section of rupture:

- ]
e:up =In m

Tt is evident from the diagram of Figs. 18 and 19 that the stress o
increases right up to the moment of rupture, rapidly at first but com-

paratively slowly after the maximum (stress 0,) is reached. At the
3‘
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moment of rupture the stress corresponding to the actual cross-sec-
tional area is more than the ultimate strength obtained by the conven-
tional method.

However, it would be erroneous to use the latter value for calculat-
ing the maximum load which the bar can withstand before breaking
down, which is very important from the practical point of view. This
is clear from the tension test diagram in Fig. 12. The maximum load
that the specimen withstands corresponds not to the moment of break-
down but to an earlier moment—the magnitude of this load is charac-
terized by the ultimate strength for the specimen of a given cross-
sectional area. The actual siress increase in thiscaseis due to the
sharp reduction in the working cross-sectional area of the specimen,
i.e. due o ils rupture,

We may set a number of mechanical properties using the true stress-
strain diagram. They were cnumerated (marked by italics) when the
plotting of true stress-strain tension test diagram was explained.

The ordinates of the true stress-strain diagram show the ability of
malerial to resist plastic deformation.

To increase the plastic (residual) deformation, we must subject the
malerial {o a continuously increasing stress; the greater the plastic
deformation of the material, the greater is its resistance to such a de-
formation. This is known as strengthening. The abilily of a material
lo strengthening is judged by the sieepness of the true stress-strain dia-
gram, i.e. by tan a.

The difference of true {olal and uniform elongation is characteristic
of the ability of material to deform locally (at the neck) and is known
as local elongation.

§ 13. Stress-strain Diagram for Ductile and Brittle Materials

In the preceding sections, we have discussed the physical aspect of
the process in which a specimen of ductile material, such as low-
carbon steel, is subjected to tension. Stress-strain diagrams similar
to the one shown in Fig. 16 are obtained for other ductile materials
capable of plastic deformation.

Some (special) grades of steel, copper and bronze do not have the
yielding zone. There is 2 smooth fransition of the straight-line portion
of the diagram into the curved portion. As an example, the stress-strain
diagrams for cast steel (a), bronze (b), nickel steel (¢), and manganese
steel (d) are shown in Fig. 20.

For the aterials which do not have a yiclding zone, the yield stress
is condilionally taken as the stress for which the residual deformation
is the same as with a yielding zone. The residual relative elongation in
this casc is usually {aken as 0.2%.

Brittle materials are characterized by the breakdown even at small
deformations. When a sp.cimen from a typical brittle material, such
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as cast iron, is stretched, inconsiderable deformation is observed right

up to the mowment of rupture. The specimen breaks down suddenty.

The relative elongation and relative reduction in area are found to be

o, kgllem® G;Ryi'/mz
4 o= 356gtlem?
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Fig. 20 Fig. 21

very small. The stress-sirain diagram of cast iron under tension is
given in Fig. 21. It should be noted that in Fig. 21 the horizontal
scale of the diagram is approximately 40 times more, and the vertical
scale is approximately 6 times more
than the corresponding scales in
Fig. 20.

As a rule, brittle materials have
poor resistance to tension; their ul-
timate strength is less than that of
the ductile materials.

The relation between stress and
strain when stretching brittle ma-
terials does not concur well with
Hooke's law; even at low stresses
we get a slightly curved line instead
of the straight line on the diag-
ram, i.e. a sirictly linear propor-
tionality between the force or stress
and the corresponding deformation Fig. 22
is absent.

Therefore, the modulus of elasticity £, which is equal fo the
slope of the diagram (see § 11) cannot be considered a constant quan-
tily for brittle materials; it changes depending upon the stress for
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which the deformation is to be calculated. As the stress increases, the
modulus of elasticity increases or decreases depending upon the direc-
tion in which the curve is bulging—upwards or downwards.

However, the deviation from Hooke's law is insignificant for the
stress range in which the materials generally function in structures.
Therefore, in practice, the curved portion of the diagram (Fig. 22) is
replaced by the corresponding chord, and the modulus of elasticity E
is considered constant. This is permissible, the more so because for
different specimens the mechanical properties of britile materials
change in a greater range than those of ductile materials; hence, ihere
is no sense in using a very accurate expression for the relation between
stress and strain.

§ 14. Rupture in Compression of Ductile and Brittle Materials.
Compression Test Diagram

Specimens in the shape of a cube or a cylinder whose height is just a
little more than ils diameter are used in studying the strength of ma-
{erials under compression. In longer specimens it is difficull to avoid
bending.

The gize of the specimens varies for different materials and fluctuates
(for the cube edge) from 2 cm (wood) to 20-30 cm (coneretc).

Under compression at stresses below the limit of proportionality or
yield stress, a specimen from ductile
material behaves as under tension.
The limit of proportionality (as also

l the yield siress for steel) and the
modulus of elasticity are almost
equal under tension and compression

/ \ for ductile materials.
f \ After passing the limit of pro-
- ..._}_.\ portionality, noticeable residual de-
\ ) formations appear resulting in a
1 shortening of the specimen and an
increase in its diameter. The lateral
deformations of the specimen at the
ends are hindered due to {riction be-
tween the faces of the specimen and
Fig. 23 the bearing plates of the press; the
specimen acquires the shape of a

barrel (Fig. 23).

As the cross-sectional area of {he specimen increases, it requires a
greater force for further deformation; the specimen continues to com-
press and ultimately becomes oblate. The stress which may be said to
be analogous to ultimate strength in tension is not observed.
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A typical stress-strain compression diagram for a ductile material
(low-carbon steel) is shown in Fig. 24, As under tension, cold harden-
ing takes place under compression too.
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As under tension, the brittle materials, such as stone, cast iron,
and concrete, fail after a small deformation under compression. Figure
25 shows the stress-strain diagram of a stone specimen under compres-
sion (a granite cube 10X 10X 10 cm). Figure 26 shows the stress-strain
diagram for a cast iron specimen under compression. Here also it

should be noted that the scales of diagrams inFigs.'25 and 26, especial-

ly the horizontal ones, are much larger than the scale of the diagram
in Fig. 24.
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The nature of rupture in a stone specimen is shown in Fig. 27; the
crushed specimen represents truncated pyramids joined by their
smaller bases. This form of rupiure is due 10 the friction force belween
the specimen and the bearing plates of the press. 1f we remove this
friction, lor example, by greasing the specimen faces with paraffin,
the nature of ruplure will be different: the stone will break into parts
with cracks running parallel to the direction of the compressive force
(Fig. 28). The crushing load for such a cube will be Jess than for a cube
tested by the common method, without greasing. Therelore, the ulti-
mate strength in compression is to a considerable extent a conditional

Along

Acrass

Fig. 29 Fig. 30

characteristic of the strength of material. This must be laken inilo
consideration when fixing the safety factor.

It has been observed that when a prismatic specimen made of stone
or conctete is compressed slowly, the rupture starts with the appearance
of lengthwise cracks parallel to the direction of the force. Therefore,
we may say that the material of the specimen under compression rup-
tures apparenily due f{o the failure of certain portions.

The nature of rupture for cast iron is close to that observed in case of
stone. Figure 29 shows a cylindrical cast-iron specimen crushed by
axial compression. 1t must be noted that the resistance of brittle ma-
terials to compression is much greater than their resistance to tension.

Compression of a timber specimen gives sharply differing results
depending upon the direction of compression with respect to the fibres;
timber is an anisoiropic material, i.e. it has diflerent properties in
different directions. The ultimate strength of timber compressed along
the fibres is about 10 times more than when it is compressed across the
fibres, whereas the deformation is much less. Figure 30 shows the com-
g_ression {est diagram for a timber cube tested along and across the fibres.

able 3 contains data on ultimate strength under tension and compres-
sion for most important materials.
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I statically indeterminate beams the formation of one ductile hinee
is not enough for full utilization of their bending capacity: it 1~ essen-
ticl that at least one more ductite hinge be formed. We shall eaplain
this with the help of an example.

(47
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Let ns consider a two-span continuous heam of uniforn section
(Fra 3770y, s bending moment diagram jor work within the elastic
limits (Fig. 3770 is the difference of the bending moment diagrams
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The amount of work required to crush ductile materials is greater
than thal required for brittle materials. Therefore, ductile mate-
rials are more suitable for structures designed to absorb the mazximum
possible kinetic energy of impact without failure.

The briltle materials fail easily under impacts just because their
specific work of deformation is very small. Due to their small deforma-
tion up to stresses close to the ultimate strength, the same brittle mate-
rials are sometimes capable of bearing far greater stresses than the duc-
tile materials provided deformation is under the action of a placid,
gradually increasing compressive force.

The second distinguishing feature between these materials is that
in the initial stages of deformation, the ductile materials may be consi-
dered to behave identically under tension and compression. The re-
sistance of an overwhelming majority of the brittle materials Lo tension
is considerably lower than their resistance to compression. This restricts
the field of application of brittle materials or requires that special mea-
sures be taken to ensure their safe working under tension as, for exam-
ple, in reinforcement of concrete elements, working under tension,
with steel.

A sharp difference is observed in the behaviour of ductile and brittle
materials with respect to the so-called local siresses, which are distribut-
ed over a comparatively small portion of the cross section of the ele-
ment but the magnitude of which exceeds the average or nominal
value, calculated from commen formulas. Local stresses will be discus-
sed in detail in § 186.

Since we do not observe any considerable dcformation in brittle
materials almost up to the moment of failure, the non-uniform stress
distribution shown above remains unchanged under tension as well as
compression right until the ultimate strength is reached. Due to this, a
weakened bar of brittle material with local stresses will lail or crack

at a much lower value of the average normal stress o=% as compared

to a similar bar without local stresses. Thus, we may say that local
stresses greatly reduce the sirength cof briitle materials.

The ductile materials are afiected by local stresses to a much lower
degree. The role of ductilily as regards local stresses is o level them
to some extent. The mechanism behind this levelling will be discussed
in Chapter 31.

We have given a very simplified picture of the working of a bar with
a non-uniform distribution of stresses. Actually, levelling out of stres-
ses is hindered not only by strain hardening, but also by the change in
the stressed state at the location of stress concentration, its transition
from a linear stressed stale to a three-dimensional stressed stale. This
comgound stressed state will be discussed later in Chapter 6.

There is one more factor which stipulates the selection of one or the
other type of material for practical purposes. Often, while assembling a
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able to properly apply them. However, in exceptional cases, say, for
example, during war time, {he engineer has 1o abandon the standard
values; he may then follow the general considerations, laid down in
this section and in Chapter 3l.

E. Summing up all that has been stated above, we may formulate the
following main points.

The salety factor should be selected in a way so as to provide a
definite reserve against the appearance of the so-called crilical slate
of the material, which may endanger the working of the machine.

Under static or impact dynamic loading, this state is characterized
in ductile materials by the appearance of large plastic deformations
(vielding), and in brittle materials by the appearance of cracks pre-
ceding ultimate failure. Under repeatedly varying loads ihe critical
state of material is characterized by the appearance and development
of fatigue cracks. We shall denote the stress corresponding to the
start of critical state by ov. This stress is

(yield stress) when the ductile material

begins to yield

6, (ultimate strength) when the brittle
material ruptures (cracks)

o, {endurance limit) when the fatigue

crack appears

Hence, formula (3.9) may now be written more precisely and replaced
by the three formulas depending upon the nature of critical slate:

[oJ=‘;-;; [ol=3:  [ol=¢ (3.10)

where 2, &, and k, are the corresponding safety factors. The three
formulas may be generalised in the form

[o]=%

Her; o° implies either @y, or o,, or @,, and & implies either &,, or &,,
or k.

However, formula (3.9) still retains its practical importance. As
the vield stress and endurance limit are to a cerlain extent relaled to
the ultimate strength, the safety factor for all the critical states may
be expressed in terms of the ultimate strength.

These in general are the basis considerations essential for properly
evaluating the permissible stresses.

F. Passing over to the considerations in assigning the value of the sa-
fety factor, we shall give some very brief instructions. The non-homo-
geneity of the material, inaccuracy in force determination, error of
computation, i.e. the common factors are accounted for by the main
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safety factor k,. For ductile materials (steel) it is taken as k,=ko=
==1.4-1.6, for brittle materials and wood &, =ks=2.5-3. Other factors,
such as the dynamic nature of the forces, alteration of their action
and the effect of local stresses are taken accounted for by additional
coefficients, by which the main safety factor is multiplied.

It should be borne in mind that the permissible stress {ol obtained
according to formula (3.9) should be compared to the actual stresses in
the part of the structure without considering the dynamic action of
the force and other additional factors.

If only the general points are considered while assigning the salety
factor, i.e. the overall safety factor is taken equal to the main safety
factor, the dynamic action of forces and the local stresses are taken
account of, as far as possible, in the value of the actual stress, multip-
lying the main stress under static loading by the coefficients of dynamic
loading and siress concentrations. It is not difficult to see that the
results in both the cases will be identical.

Table 4 contains approximate values of the overall salety factor
with respect to the ultimate strength for various types of materials
and loads including the factors accounting for the dynamic nature
of loading and local siresses.

Table 4
Safety Factors
Loading Type of material ka
Static toad Ductile 2.4-2.6
Brittle 3.0-9.0
Impact load Ductile 2.8-5.0
Varying load (tension and compression of Ductile (stecl) 5.0-15.0

equal magnitude)

The table is only of a tentative nature; it gives an idea about the
change in the safety Tactor depending upon circumstances. Nuwerous
aspects affecling the safety factor under impact and alternating loads
will be discussed in greater details in Chapters 30 and 31.

§ 17. Permissible Stresses Under Tension
and Compression for Various Materials

In the preceding section we tried to elucidate the numerous factors
which affect the safety factor and consequently the value of permissible
stress. In Table 5 are given the lentative values of permissible stresses
under tension and compression for some important materials used in
engineering and machine building. The table has been compiled on the
basis of present Soviet standards. '
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Table 5

Tentative Values of the Permissible Stresses for Some Commonly Used
Materials

Permissible siress

(kef ycm?)
Material

Under tension “;‘fe‘f{s,f,‘,’,““
Gray cast iron 280-800 1200- 1500
Low-carbon stecl 1600-2000 -
Structural carbon steel used in machine building 600- 2500
Structural alloy steel used in machine building 1000-4000 and higler
Copper 300-1200
Brass 700-1400
Bronze 600 -1200
Aluminium 300-800
Aluminium bronze 800-1200
Duratuminjum 800-1500
Tex{olite 300-400
Laminated Bakelite insulalion 500.700
Bakelite impregnated veneer 400-500
Pine along the fibres 70- 100 100-120
Pine across the fibres - 15-20
Oak along the fibres 90-130 130-150
Oak across the fibres —_ 20-36
Stonework up to 3 4-49
Brickwork up to 2 6-25
Concrete 1.7 10-90

The materials enumeraied in the Table 5 must satisiy the require-
ments and norms (ol strength, ductility, production process, chemical
composition, etc.) of the corresponding standars. It does not covcr all
malicrials, nor the diverse conditions in which they work. In each de-
sign problem the permissible stresses should be specified in accordance
with the official technical specifications and design standars for the
given structure, and, in their absence, on the basis of factors discussed
in the preceding section.



PART Il

Complicated Cases
of Tension and Compression

CHAPTER 4

Design of Statically Indeterminate Systems
for Permissible Stresses

§ 18. Statically Indeterminate Systems

Our ability to calculate the deformation of bars under tension and
compression enables us to determine the changes in the shape and size
of parts of structures under the action of external forces. Usually these
deformations are so small that they seem devoid of any practical im-
portance.

However, in a number of structures, it is impossible to check the
strength and determine the cross-sectional area of the various elements
without the knowledge of deformation; these structures are known as
statically indeterminale systems; finding the forces acting in the ele-
ments of these structures in a statically indelerminate problem.

In all the examples which we have considered tiil now, the tensile
or compressive forces acting on the bar were determined from static
conditions of a solid body.

In case of weight Q suspended from two bars (Fig. 31), AB and AC,
we find tensile forces N, and N, stretching the bars from the equilib-
rium conditions of point A. Three forces applied to point A must satisfy
two equations of equilibrium: the sum of the projections of these
forces on the two coordinate axes must be zero. Thus, we see that the
number of unknown quantities (two) is equal to the number of
equatlions (lwo), therefore forces Ny and N. may be determined
from these equations. This is siatically determinate problem.

The conditions will be different if weight Q is suspended from three
bars (Fig. 32). In this case point A is in equilibrium under the action
of four forces: Q, N,, Ny, and N, three of the forces being unknown.
The number of equations remains the same, i.e. two. Hence, the num-
ber of unknown gquantities exceeds by one the number of equations,
the structure is one degree indeterminate, and the problem cannot
be solved with the help of static equations only.
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The additional equation required for the solution of the problem
can be compiled using the ideas gained in passing over from the theo-
retical mechanics to the strength of materials. We must take account
for the deformability of material. One more equation can be found
in studying the deformations of the structure. It turns out that it is
always possible fo find as many additional equations as is required
to complete the number of static equations so that the number of
equations be equal to the number of unknown quantities.

¢
Fig. 31 Fig. 32

The extra equations are formed on the basis of the common principle;
they should express the conditions of joint deformations of 1he system.

Any structure deforms in such a way that there are no ruptures
of the bars, their disconnection or any unforeseen relative displacement
of one part of the structure with respect to the other. This in brief
is the principle of joint deformation of the elements of a system.

The general method of solving statically indeterminate systems is
as follows. First of all we must decide what are the forces to be deter-
mined, then write down all the static equations of a solid body, and
finally derive the required number of extra equations to find the un-
known forces.

A course of the solution of the problem is shown for the particular
example (Fig. 32). Suppose the side bars of equal cross-sectional areas
are made of steel, whereas the middle bar is made of copper. The length
of the middle bar is /s and that of the side bars, ;. Suppose the per-
missible stress for sleel is lo,] and for copper lo.l. 1t is required to
determine the safe dimensions of the cross sections of these bars under
the aclion of suspended weight Q.

First of all we shall determine the forces acting on each of the three
bars. Since there are hinges at points A, B, C and D, all the three bars
can be subjected to only axial forces. Let us consider these forces to
be tensile. In order to determine these forces, we must consider the
equilibrium of point A 1o which the only known force Q is applied.
A scheme of the forces acting on point A and the location of coordinate
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axes are given in Fig. 33. Let us equate to zero the sum of projections
of the forces acting on point A on the coordinate axes:

N.sina—N, sina=0
Q—N,—N,;cosa—N,cosa=0
From the first equation we gel Ny=~Ns; replacing N, by N in the se-
cond cquation, we obtain
N,4+2N,cosa=Q 4.1
Now we have one equation wilth two unknowns.

To obtain the extra equation we must study the deformation of the
struciure. All the three bars will elongate under the aclion of force
Q, and point 4 will descend. Since N, and N, are equal and bars / and 2

Ns
”’ 1 K ”2

o

Fig. 33

are of the same material, elongations A/, and Al, will be equal if the
bars are of equal length, point A will descend vertically downwards.
Let us denote the elongation of the third bar by Als.

The elongation of all the three bars is fgoined, i.e. the bars remain
hinged at point A after deformation. To find the new position of lhis
point, we assume the bars to be disconnecled and plot on the diagram
(Fig. 34) the new lengths of the side bars CC; and BB, by increasing
their initial lengths by Al,==AB, and Al,=AC.. The new position of
point A is obtained by rotating the elongated bars CC; and BB, about
poinis B and C. Points B, and C, will coincide at point A, moving
along the arcs C.A4, and B:A; Which due to the small deformation
may be considered as straight lines perpendicular to CC: and B8,,
respeclively.

The new position of the side bars BA; and CA, is shown by dotted
lines. Since the end of the middle bar is also fastened to the hinge,
it will also come to point A,, and elongation Al; will be equal to AA,.

According to Hooke's law, the elongations Ali, Aly, and Aly of all
the three bars will be directly proportional to the tensile forces siret-
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ching them. After finding the relation belween these elongations from
the figure, we shall obtain the extra equation correlatling the unknown
forces in the bars. From {riangle A,4B;, we have

AB,= AA,cosa or Al,=Al, cosa 1.2)

Let us express Al, and Al; in terms of the forces N, and N,. This
is possible only if we know the cross-sectional area of the bars. Here
we must state a very imporiani feature of the slalically indeterminate
systems: 1o determine the forces acting in bars we must know before-
hand either the cross-sectional area of these bars or their ratio.

Let A, and A be the cross-sectional areas of the bars; let us denote
the modulus of elasticity of steel by E, and that of copper by E..
Then

— Ny . — Nyly
All —-'m— 'Y Als— EcAs (4¢3)

Putting these values of Al, and Al, in equation (4.2), we get

N|(] — l\r;la
E:4, _EcAs

It is evident from triangle ABD (Fig. 34) that

=1 cosa

cos X

Therefore,
EBA 4

Nl.= Namcos*a (44)

Thus, by examining the joint deformation of the system, we have
obiained an extra equation correlaling N, and N,

Joinl deformation takes place in statically delerminate structures
too, but there it does not impose any constraints on force disiribution.
Only one system of forces satisfying the equilibrium conditions is
possible in this case. Since the number of unknowns is cqual fo the
number of sialic equations in such structures, the deformation is
compatible with the conditions of joini deformation. For example,
the lorces acting in the bars can be fully delermined from the equilib-
riuin conditions of point A. Both the bars may elongate under the ac-
tion of these forces without getting disconnected, and the condition
of joint deformation is automatically fulfilled.

n the contrary, in statically indelerminate structures, there can
be any number of force systems satisiying the equilibrium conditions,
because the number of unknowns is greater than the number of equa-
tions. From all the possible combinations of forces, the combination
which actually occurs is the one that corresponds to the condition of
joint deformation.
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In the statically indeterminate system (Fig. 32), the location of
point A after deformation combines the elongations of all the three
bars. For the condilion of joint deformation to be satisfied it is essen-
tial that the elongations should be in a definite ratio. This condition
gives us the extra equation (4.4) required for delermining the unknown
force.

Continuing the solution of the problem we put the value of Ny
from (4.4) info Eq. (4.1) and oblain

N3+2N3§::+;cos=a=Q

whencefrcm
_ Q
No= 142 LA, cosdo (4.5)
and from (4.4)
ESAI 2
v, Q Eif;cos o N, 6
14-2 E:A;cos"a

It is evident from the formulas obtained that the value of N depends
not upon the absolute values of the cross-sectional areas A and moduli
of elasticity E, but upon their ratio. By setting different values of

the ratio n= %; we obtain various combinations of the forces N,

N,, and N,.
Knowing the forces and the permissible stress we can find A, and
A; from the conditions

Pl B<l @

Calculating A, from the first condition and knowing the selected
ratio n=%, we can find A3=f:—,". This value can be checked up

by seeing whether it satisfies the second condition o 4.7); if not,
the value of A, is found from this condition, and A, is determined by
the formula

A, =nA, (4.8)

Thus, in a statically indeterminate structure with a given load we
may obtain a number of different modifications of force distribution
between the bars by changing the ratio of their cross-sectional areas.
Let us take a numerical example for greater clarification.

Let Q=4 ti; a=30% [0,J]=1000 kgilcm? E,=2X10° kgi/cm?,
[0.]=600 kgi/em®, E,=1x10* kgi/cm?.

3
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For preliminary calculation let us assume an arbitrary value of
Ay

n=—>=1

Then
2x10¢

4X cos® 309
Ny= Ny=— 0 =1.67 tf

1+2Xlx10 cos3 30°

4
Na:" 2% 108 =l.l‘ tj

3 209
l+2)(mc08 30

From strength condition we obtain

As we have assumed 4,=A4,, then 4,=1.67 cm?
Let us check whether these dimensions will satisfy the strength
condition for the middle bar:

%’.3 — 1“—41>% =667 kgi/em® > 600 kgf/cm®

The assumed value of A, is not enough; it should be

Ny 00 .
A, —[—0:]-= 00— 1.85 cm
To maintain the condition 4;=A; which formed the basis of our
calculation, we musi lake A;=A,=1.85 cm® instead of the required
value of 1.67 cm? obtained from the first condition. In this way we
shall have an additional reserve in the side bars.
If we wish to avoid this extra reserve and take

A;=A4,=167 cm?, A,=1.83 cm* (4.9)

then forces Ny, N., and N; will change immediately; the ratio A4,/4,
will no longer equal 1, as assumed earlier, but will be0.9. In formula
(4.5) the denominator becomes less and N increases; in formula (4.6)
the decrease in the value of the denominator will be less as compared
to the numerator, therefore Ny and N, will decrease.

By decreasing the cross-sectional area of the side bars as compared
to that of the middle bar, we reduce the forces acting on the side bars
and increase the forces acting on the middle bar.

This reflects the general law which governs the force distribution
between the elements of all statically indeterminate systems: the
forces are distributed in accordance with the rigidity of the bars; the
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If we cut the tyre across the diameler (Fig. 37), the two forces
N must balance the fotal pressure on the infernal suriace of the
cutofi portion of the tyre. Let us write down the equilibrium
condition by projeciing all the forces on the y-axis (Fig. 37). A pres-
sure p ds acls upon the element of length ds of the tyre; ils projection

on the y-axis is equal to —pds sin a=—p% sin & da, because ds==

=-g— da. The equilibrium condilion fakes the form
a
2N — S p-g-sina.da=0, or 2N—p§-§sinada=0
Akc
whencefrom
IN—pd=0 andN=%, or p=2

Thus we have one static equation for two unknowns N and p; this
is a statically indeterminate problem. The unknown forces can be
determined only by considering the joint deformation of the structure.

The tension in the {yre and the compression in the central portion
should be such that they level the difference between {he diameters
d. and d, Neglecting the deformation of the central portion due to
ils much greater mass as compared to that of the tyre, we find {hat
the levelling of the difference in diamelers takes place chiefly due to

elongalion of the tyre. If this difference is l; of the lyre diameter,
then the relative elongation &, of the diameter and, consequently,
of the whole tyre will also be 7‘;

The relative elongalion of the tyre under force N is ¢ N=%—. where

A is the cross-sectional area of the tyre. Equating the values g,=
=gy, we obtain an extra equation

N | LA
mE=% N=7
whence
p=%4 (4.16)

The stress in the tyre is o= -g—a-;E.

In formula (4.16) d may be replaced (instead of the original diameter
d;) by d;, because the difference in the diameters is infinitely small.
Let us consider a numerical example (the tyre of a ircight wagon

13 ¢m broad and 7.5 cm thick). Let d=d;=9%0 mm; l;-=-17:-(-,5; E=
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=2 X [0¢ kgf/em?; A=7.5X13=97.5 cm? Then we have
o= 2:;;3 = 2000 kgf;cm®

2x108x97.5 — 10z
oo = 195 000 kgf = 195 tf

2% 2% 108 X97.5
P = —55x1000

N =

— 4330 kgf,cm

§ 20. Tension and Compression in Bars Made
of Heterogeneous Materials

This type of bars belongs to the group of statically indeterminate.
As an example, we shall discuss how to determine the dimensions of a
composite column (Fig. 38) under the action of compressive forces
P. The column consists of a round steel bar ol diameter d, and is

;r“' ! ~ ,<-—a'1,—>g

q
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=

5
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S steel bronze
Fig. 38

located inside a bronze jacket of external diameter d, and wall thick-
ness {.

Let us introduce the following notations:

A,— cross-sectional area of the bronze pipe;

A,— cross-sectlonal area of the steel bar;

(o), ]ol E,, E,~ permissible stresses and moduli of elasticity of
bronze and steel, respectively.

The required dimensions of the bar should be such that cnable
it to withstand load P.

Let us find stresses ), and o, due to load P over areas 4, and 4,,
respectively, and write down the strength condition.

The bar is axially compressed by forces P applied al the centre of
gravity of the section through rigid slabs S whose deformations are
considered negligible (Fig. 38). The part P, of the compressive forces
is transmitted through the bronze jacket, and part P,, through the
- central steel bar (Fig. 39). We have only one equation of stalics to
delermine these two forces which give rise to siresses in the steel bar
arid bronze jacket:

Thit is a statically mdetermmate problem. The secend equahon
is obtained from the condition of joint deformation according to
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which both the bronze jacket and steel bar of the column (Fig. 39)
must shorten by the same length Al, since the top and the bottom
planes of both coincide. From Hooke s law we have

P
e (4.18

This is the second equation correlating P, and P,. From (4.18) we
find

P,=P, %!

Substituting this value of P, in (4.17), we get
p(1+42 ) p

and
Ag Eg
pp=—P ., P=—Hl P 419
A, Ty , A, E, . A, E,
0,,=——ET, 0,=——Eb~ (420)
Ab+‘43'1:!; AH-A»-E;

The distribution of forces between the elements of statically inde-
terminate struciures depends upon the ratios of their cross-sectional

areas and moduli of elasticity. From equation (4.18), taking into
consideration that

Py Ps
A, =% and A=

we find that the ratio of the stresses in bronze and steel depends only
upon the ralio of their moduli of elasticity:

0.: b,
7
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centration (holes, necks, fillets) depending upon the sharpness of
change in shape of the part under tension or compression (Figg443)
and pure bending (Fig. 444). The coefficients were determined for
rectangular specimens by the optical method. In round specimens
with necks and fillets the corresponding values of a., are found
to be somewhat less. Some values of a., for round specimens are
given in Table 22.

Table 22
Coefficient of Stress Concentration

Type of deformation and source of stress concentration Qe

I. Bending and tension

. Semicircular neck on shaft, ratio of radius of neck lo dia-

meter of shaft

0.1

0.5

1.0

2.0
2. Fillet, ratio of radius to height of section (diamcter of

shalt)
0.0625
0.125
0.25

—-—:—m
—ooo

005
Transition at right angle
Sharp V-shape neck
Whitworth thread
Melric thread
Hole, the ratio of hole diameter to cross-sectional dimen-
sions varies from 0.1 to 0.33
8. Scratches on surface due to cutling tool 1
Il. Torsion
1. Fillet, the ratio of fillet radius to the minimum shaft
diameter "
0.

0.10
0.20
2. Keyways 1.

NOmaw

D e b L et
;° @woe =88a

@m 0010 GO N = o o

o=
" — 08D ©

It should be emphasized that the curves in Figs. 443 and 444 and
Table 22 help determine the theoretical, i.e. the maximum possible,
values of the concentration coefficient. Knowing the theoretical stress
concentration coefficient, «. ,, the actual stress concentration coef-
ficient, a..4, can be computed by the following formula:

%o =14¢ (2. —1) (31.11)
20*
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for steels having ullimate strength between 50 and 140 kgi/mm?
milling (denoted by ¥7) without subsequent grinding and polishing
creales a siress concentration equivalent {o a,=1.25-2 (here and
farther on the lower value refers to steel bhaving o,=50) kgl min*
while the grealer value refers to steel having 0, =140 kgl/cm?® Rough
grinding (denoted by \7\7) reduces the siress conceniration coefficient
fo 1.1-1.45; fine grinding and rough polishing (denoied by V\/V/)
correspond to @,=1.05-1.15, and only after fine polishing (denoted
by VVVV) a.=1. Nonlerrous metals and alloys are somewhal
less sensitive to the effect of surface finish on siress concentiration.

The combined effect of local stresses and chemical reactions can
result in a sharp reduction in the endurance limit of elements sub-
jected to corrosion. Experiments reveal that the endurance limit
regisicrs a sharp reduction if the tests are conducled in water or some
other fluid which can cause corrosion. However, this eflect is less
pronounced in case of stainless steel parts.

Finally, the microstructure of steel is another [aclor affecting the
local stresses and consequently the endurance limil. The metal is a
conglomerate of crystal grains ol various sizes and arbitrary orien-
tation; therefore the actual stress distribuiion is o some extent non-
uniform even under simple tension. The degree of non-uniformily of
slress distribution increases with the non-uniformity of grain size.
Therefore, a fine grained homogeneous siructure obtained by proper
heat trealment helps to increase the endurance limit of lhe malerial.

In conclusion, it must be emphasized once again thal the higher
the strength of a steel the greater is its sensitivily to all types of culs
and surface damages and the higher is the quality of machining which
it requires,

The expressions of endurance limit and coefficient of stress concen-
{ration derived in this section will be used in subsequent sections
for laying down rules 1o be followed in selecting permissible slresses.

§ 187. Effect of Size of Part and Other Factors
on Endurance Limit

The values of endurance limit in the preceding section were all
obiained for small specimens of a diameter between 7 and 12 mm.
In recent experiments endurance limits have been delermmined on
larger specimens having diameter between 40 and 50 mm. There are
fatigue testing machines which are capable of testing wagon axles
of diameter 150 mm or even 300 mm.

The experiments reveal that, firstly, there is a large spread in data
if a big specimen of this size is used for determining the endurance
limit bg the method given in Fig. 435. Secondly, the endurance
limit, though not accurately known on account of the large spread,
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While designing a part the effect of its operating conditions may
be taken into account by a special coefficient K, ., which as coelfi-
cient K, may be greater or less than unity.

The eflect of the frequency of a variable stress cvcle on the endu-
rance limit is usually considered when the endurance limit is being
determined. The existing fatigue testing machines give, as a rule,
about 3000 stress cycles per minute. Experimental studies show thal
variation of the number of cycles between 300 and 10 00 does not
have any appreciable effect on endurance strength. Therefore, while
designing parts subjected to variable loading the special dynamic
stress coefficient K, should be used only when the cycle irequency
is less than 500 or greater than 10 000 and also when the variable
load is simultaneously an impact load.

§ 188. Practical Examples of Failure Under Variable Loading.
Causes of Emergence and Development of Fatigue Cracks

Having established all aspects of failure under variable loading,
let us study a few practical cases of such failures.

Figures 446 and 447 show the broken axle of a wagon (bending ac-
companied by torsion), in which failure occurred due to sharo change

Fig. 446 Ifig. W7

from a thick portion to a thin portion: instead of a smooth fillet the
{ransition was sharp, with rough notches on the surface left by the
cutting tool. The fatigue crack appeared at the outer surface and
developed along a ring shaped path. The material of the axle was
satisfactory; this is borne oul by the extremely small arca of mo-
mentary rupture.

Figure 448 shows the Iracture of a non-rotating axle which bends
in the vertical plane. The material is shall steel with an approximate
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resulting in the fatigue crack. The development of the crack can be
explained by the fact that high local stresses appear at its base, thus
helping the crack propagate towards the interior of the material.

Fig. 452 Fig. 453

It is interesting to note that fatigue cracks did not appear in the
axles, the fracture of one of which is shown in Fig. 448, which were
made from steel of lower strenglth (0,240 kgf mm?) although the
same shape was retained. This can
be explained by the fact that the™ -
steels have different sensitivily to " -
local stresses. i

Figure 450 shows the fatigue!"
crack appearing in the oil hole of a .~
crankshaft working under variable .
(in opposite directions) torsion.; .. ‘.. .
The cracks make an angle of 45° <. ' .i
with the shalt axis and are perpen- i
dicular to the principal stresses. .

Figure 451 shows the beginning .
ol a fatigue crack on a car axle al: 't -
the location of a very smallj;:
(0.5-mm high) but very sharp re-|i :
cess. We find that the fatigue crack:
starts developing simultancously
at a number of poinis, which may Fig. 454
not necessarily be all in the same
plane. Later all these cracks merge into a single crack.

Figures 452 and 453 show two steam engine axles out of which the
one with smooth transitions worked satisfactorily for 40 years, where-
as the other with sharp change served only for one year. The mate-
rial of the second axle was better than that of the first.

Finally, Fig. 454 shows a fatigue crack which began due o internal
sources of stress concentration. A bubble or a hollow inclusion in the
rail head became the centre of local stresses. This resulted in gradual

i

s

- S - e - i

1
:
L.
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or

[P+s] = [p-1]

[Pa1l—pPa (M) — Pa(M)
wherefrom
pq (M) [Pﬂ]""Pn(M) [p-l]’—"[pﬂ] [p-.] (31.20)

Since

| —r —~r

Pa (M) = Tpmax(lw) ==3 [p.]

and

pa(M)= 'l":g‘ipmax (M) =!;;'£ [/?,.]

it ensues from (31.20) that

- 2(p+illp-)]
lpd=arm e u—ntes @-21)

The strength condition may be writfen as ,
Prax < [2:) (81.22)

This general method of determining permissible stresses may be
elaborated as follows:

Given (a) type of deformation, (b} ratio of P,y to Py, (¢) shape
of the part; (d) mechanical properties of the material (s,). Find the
permissible stress {p,l.

Solution:

(1) Calculate

Pn= Pmax'; Pmin and Pa =Pmu"'ﬂmln

(2) Find

r= Poin
Pmax

(3) Delermine the endurance limit under a symmetrical cycle for
the given type of deformation:

p-1=ﬂr0u

(4) From the curves in Figs. 443 and 444 determine & q, depending
upon the configuration of the part.

(5) Find ¢ from the curve in Fig. 442.

(6) Calculate the actual coefficient of siress concentration

Q. g == 1 + (a'c.t_ l) q
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siresses 1:=§‘-"§'f- and two by normal stresses 0= ";7 , where W=’;—'3 is
the section modulus of the round shaft.

For a strength check under static loading we employed the {ollowing
two conditions: condition (A) when the theory of maximum shearing
stresses was applied, and (B) when the theory of distertion energy
was applied:

(A) Voo Far<fo] and (B) Vo*+3v*<[o]

Eoﬂi flormulas may be written in a generab form by dividing them
y lolk

) 1/[—;’,-:+(,%—L)—<1 and ‘B"l/lg;”“(ﬁrl_)‘g'

3.

or in the general form
./ O L
V erters!

where It]ulgl when the theory of maximum shearing stresses is

applied, and v=% when the distortion energy theory is applied.
Thus, the strength check by bolh theories may be represented by a
common equation

o® <2 ,
'W_I;+W<'l (31.23)

Since the fatigue crack is caused by the same physical processes
of deformation of the material which result in failure under siatic
loading, equation (31.23) may also be employed for checking the
strength of materials under variable loading. Stresses ¢ and T may
be broken into the components ¢, 0, and T, Ta!

0=0,+0, T=1T,+7T,

Here [o] and [t] represent the permissible siresses under bending
and torsion, lo%l and lt!l, respectively, obtained from the simplified
[pal-Ipm] diagram (Fig. 455) by taking inlo consideration the
stress concentration coefficient of the parficular type of deformation

« .. Tmi *
and the cycle characteristic, ~=2 o =,
Oimox Tmax
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fluous luxuries but absolule necessities for sale functioning of a major-
ity of parts subjecled to variable loading.

It should be noted that the questions of proper selection of mate-
rial and rules regarding proper design of parts cannot be studied in
isolation from one another. The better the material, the higher is
its ultimate strength and the higher the qualily of machining which
it requires. If we use a costly alloyed steel and do not pay sulficient
atiention to the reduction of focal stresses, we run the risk of bringing
to nought the advantages that accrue from the use of high quality
steel. The sensitivity factor of such a steel is much higher than that
of mild steel. This was explained in § 186.

Figures 459 and 460 show the p,-p, diagrams for mild and high
grade alloyed steels. On these diagrams lines AMB correspond o
failure due to development of a fatigue crack, and lines GV represent
failure due to plasiic deformation when the stresses exceed the yield
stress.

Lines AMN, which are shaded on the diagrams, represent the curves
of breaking stresses (in the wider sense of the word). It is obvious
that the chances of failure due to development of faligue crack are
far grealer in case of alloyed steel than in mild steel. The chances
of reduction of local siresses due to plastic delormation are consider-
ably less in the first case as compared to the second. This to a large
exient explains the higher sensilivity of alloyed steels to stress con-
centration.

Summing up, we may conclude that the higher the grade of steel
the higher is the quality of finishing which it requires so thai all its
properties may be fully exploited.

CHAPTER 32
Fundamentals of Creep Analysis

§ 192. Effect of High Temperatures on Mechanical
Properties of Metals

On account of the fast development of machine building, increas-
ingly vital importance is being atlached to strength analysis of ma-
chine parts working for long periods at high temperatures. Such
parts include discs and blades of steam and gas turbines, pipes and
other elements of steam generalors, various parts of internai combus-
tion engines, jet engines, chemical plants, etc.

The behaviour of the materials of such parts is affected by the
absolute temperature as well as the duration for which the parls
work at the high temperatures.

The properties of metals change considerably al high temperatures;
therefore the known properfies of strength and ductility al normat
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The plastic properties (total relative elongation and reduction of
cross-sectional area at the moment of failure% suffer a slight setback
as the temperature is increased from 20 to 200-250°C; with a further
increase in temperature the plastic properties, as a rule, again begin
to improve. However, the plastic properties of austenitic chrome-
nickel steels, bronze, brass and nickel are adversely afiected by high
temperatures. On the other hand, the plastic properties of aluminium
and magnesium improve.

The curves in Fig. 461 show the variation of strength and plastic
progce:rties of mild steel (0.15% C) as the temperafure is raised to
8300°C.

§ 193. Creep and After-effect

The variation of strength and plastic properties with the increase
in temperature is of vital importance in the design of elements of
machines and structures. However, the most important factor affecling
the behaviour of metals at high temperatures is creep.

Creep signifies a continuously (may be very slow) increasing de-
formation under constant forces (or stresses) and high temperature.
In a number of metals (lead, brass, bronze, aluminium and a few
other nonferrous metals and alloys) creep may occur even at room
temperature.

The higher the temperature, the faster is the growth of deformation
due to creep. Sometimes a gradual, continuously increasing defor-
mation over a sufficiently long period of time at high temperatures
may lead to failure of an clement, even though the stresses induced
in it are Jess than not only the ultimate sirength but also the propor-
tionality limit at room temperature.

For example, the diameter of a steam pipe working at high {emper-
ature and pressure increases continuously; finally il may fail due to
rupture of ils walls (this sometimes actually happens). The creep
of discs and blades of steam turbines may result in overlapping of
the gap between the blades and the lurbine housing, leading to break-
age of the blades.

Creep of metals is an irreversible (permanent) deformation, which
may be studied as slow yiclding. In a number of cases (especially
in a compound stressed stale) plastic deformation due to creep re-
sults not only in a change in stress but also their redistribution over
the volume of the element. The change in stress is prominent
when there is a restraint to total deformation of the body due to
certain specific features of its working. In such cases, the elastic
deformation experienced by the body during loading decreases with
passage of time; this results in the beginning of plastic deformation,
which subsequently continues to grow. It is accompanied by a reduc-
tion of stresses in the element. Such a reduction of stresses due to
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values of temperature T; (Th<<Te<<T»<T\<T}) are identical to the
above curves.

At low values of stress (os=0,) creep may be completely absent,
i.e. for the loaded specimen the e-! diagram may be represented by a
straight line passing through point A, and parallel to the abscissa.
At a somewhat higher value of stress (s=0y) there will be a short

Fig. 463

period of unstable creep, which will stop when the rate of creep be-
comes zero. At a still higher value of stress (6=0,) the velocity of
creep will not be zero but will be so small that failure due to creep
will occur after a very long period, which far exceeds the service
life of the element.

At siress o=0, we get the creep curve shown in Fig. 462. If the
stress or temperature is further increased, the creep curves also un-
dergoes a further change: creep progresses at a faster rate, and the
straight line portion of the curve—the zone of stable creep—goes
on getting shorter till it reduces to a point (curve § in Fig. 463), i.e.
the zone of unstable creep directly changes into the zone of failure.
In this case the zone of stable creep is represented by an inflection
point on curve ABCD, point B,, which coincides with point C,.

The nature of failure due to creep depends mainly upon the proper-
ties of the material at the given temperature. Carbon steels at temper-
atures less than 550°C, copper, lead and some other light alloys
generally fail after large plastic deformation and neck iormation,
Special heat resistant steels having good creep strength fail after
comparatively small deformation, the failure is brittle in natuse
and usually begins at the location of stress concentration.

[
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deformation at higher temperatures may considerably affect creep,
giving rise to after-efect, diffusion and other processes which can
strongly influence the resistance of a material to plastic deformation.
C. In studying creep a very important requirement is to establish a
functional dependence between the main quantities which define
the creep curve (stress (o), temperature (7), and time (1)) and creep
deformation (e or e;) or creep velocity (‘;ﬁ.—:vc .

Various investigators proposed a number of formulas correlating
the above quantities. The majority of these formulas were obtained
empirically, and only a few of them additionally took into account
the physical nature of the process of creep. Therefore, none of these

Fig. 465

formulas is able to justify the experimental resulis over a wide range
of stress, temperature and time variation. In a majority of the cases,
analysis based on these formulas concurs well with the experimental
data only over isolated portions of the creep curve, mainly in the
zone of stable creep.

Since experimental study of unstable creep is much more difficult
thian that of stable creep, the zone of unstable creep on the creep curve
has not been investigated sufficiently. Therefore, in actual creep
analysis, the zone of unstable creep is often neglected by extending
line BC (Fig. 465) till it intersects the vertical axis at point By, and
the total deformation due to creep (lor example, ) is calculated by
the following approximate formula:

ex =6+ . TE+e. =8+, lanc
=¥, + tpv,_. (32'2)
Stable creep has been experimentally studied {o a much greater

extent. From among the various relations for creep rate, proposed
by different research workers, the following have been found to give
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to as the creep limit of the material from consideration of the minimum
permissible or uniform rate of deformalion (o.). Evidenlly o, is a
funclion of temperature and the minimum permissible creep rate.

Table 24
Creep Velocity
Part [2,) per hour
1 Turbine discs with tight fit 10-?
2 Bolls, flanges and cylinders of steam turbines 10-3
3 Steam pipes, welded joints of boiler pipes 10-?
4 Pipes of steam superheaters 10-0.{n-8

As an example, Table 24 gives the approximate permissible values
of the minimum relative creep rate, [v.], for a few parts of steam boilers
and turbines.

In creep analysis based on minimum creep rate, the fundamental
equfatlilon of uni-axial stressed state ol the material may be written
as follows:

v.=ko"<[v. ]~ [e) (32.10)
lp

since
e=v.l,

From equation (32.10) we get:
[0]=0w={'-‘-'fl}”" (32.11)

k

, The strength condition in terms of stresses may be writien as fol-
ows:

0<[o]={[07‘1}m (32.12)

B. 1t is implicit that in creep analysis from considerations of per-
missible deformation and permissible creep rate it is not enough to
ensure that the creep deformation does not exceed a permissible value
at a particular temperature during the whole service life of the ele-
ment. It is also essential to provide a certain safety factor against
the occurrence of such a failure. Hence, points K, K,, and K, (Fig. 466)
on creep curves I, 2, and 3 corresponding to abscissas 1, tna, and fps,
and ordinates lel;, {ely, and (el, must lie on the segments corresponding
to the first and second stages of creep.

21 3310
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special heat-resistant steels, which have poor tendency to creep; gener-
ally such parts fail after undergoing small deformation and the fail-
ure is brittle in nature. Consequently, in a majority of practical
cases smoothening of the stresses does not occur and it is essential
to account for stress concentration in creep design.

Therefore, while determining the long-term strength of heat resis-
tant steels, the possibility of stress concentration should be taken
into account, i.e. the experiments for determining o,, should be
conducted on specimens of corresponding shape.

Ii the elements of machines are subjected to the simultaneous
action of fatigue and creep, then the long-term strength should be
determined from fatigue test at the appropriate temperature. Thus,
the following important cases may
be distinguished while calculating
the strength of elements of ma- %[
chines and structures working under
high temperatures.

1§ the temperature is not high
enough to cause creep (§ 193), the
critical state is determined by the
yield stress or ultimate strength

of the material at the given temper- ! o~ %6ce:%)
ature, obtained by the usual tests. i W Ty
The strength condition is: ! |
£
oL[o]=  (32.13) P

If creep is possible at the given Fig. 468
temperature (see § 193), then the

first thing to do is to establish which of the permissible stresses is
maximum jor the total service life ¢, of the element: the permissible
stress from consideralions of total creep deformation (o.) or minimum
creep rate (o), or the permissible stress from considerations of

long-term strength [6,¢]=‘;T‘:‘, where %, is the long-term safety

faclor, which may be considered approximately equal to the usual
safety factor & (Fig. 468).

1f Tol=0. (s, 0,) <l0,l, zone A in Fig. 468, the creep design
should be carried out according to formulas 532.4), (32.9), (32.10)
or (32.12). If, on the other hand, le]l=0.>>l0,,], zone B in Fig. 468,
then creep design should be based on the formula

o <[ou] =T (32.14)

1i the elements experience after-effect, then care should be taken
that the interference fit between them does not loosen beyond a per-

21*
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For simplification, the relatively small rate of growthof the elastic
deformation may bec neglected in comparison with the large rate of
growth of creep deformalion. The exact solution, with v,70, is much
more difficult. Besides, neglecting the zone of unstable creep and
assuming that v,=kt", we get

vzvc=kt"=p§;%
wherefrom
1 1
1 &9 \w 7w 3
=(Fag) 0" =" (a)
where .
_ {1 d*o\%
o=(g75)" (b)

The condition representing the equality of the moments of cxternal
gt?fque) and internal forces about the shaft axis may be written as
ollows:

r

r 9 1
M=M, = gxpdA=§2nptpdp=2om Yp YT do
a 0
where r is the shaft radius. By introducing the notation

3n-1 pe
we may write

=7t (©

and taking into account expression (a)
1
T =-—..£ p_"-
re
We see that the distribution of shearing siresses of creep over the
cross section of the shaft is not linear.
Substituting in the expression lor Jp, the values r=1.2 ¢m and n=5,
we obtain:

J = 2X3.14%5
Pe T BREFT

The shearing stresses at a distance p from the shaft are:

]
=M 7 _ 2000
Rl ot - ¥ )

3x5+1
%1.27 6 =1964x1.2%2 =3,52 cm??

i i
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It can be easily seen that on account of creep the angle of twist in-
creased almost 16-fold as compared to the angle of twist under pure
torsion (first term of the above result). Hence, the decrease of maxi-
mum shearing stress in the shait does not mean that its working
conditions improve due to creep.

Example 3. A 50-cm long simply supported beam 20 mm by 40 mm
is acted upon at the middle of its span by a concentrated force P=

ghotm? y
g_ 0 40w e ?
74
)
’ -;—--—ir-—-/z-am
4 i l
| = 200m |—
Fig. 469 Fig, 470

=400 kgf (Fig. 470) works at 7=500°C. The beam is made of mild
steel having modulus of elasticity E=1.6x10° kogf/cm’ (at T=500°C).
The stable creep rate is v,=ko", and at T=500°C

k=l.5><10"5(%)"hr-‘ and n=3

Neglecting the zone of unstable creep, find the distribution of nor-
mal stresses in the critical section and determine the maximum de-
flection of the beam after 10 000 hours of loading.

Solution. While solving this problem we shall neglect the effect
of shearing stresses and assume that the hypothesis of plane sections
under bending remains valid in creep too (this assumption agrees
quite wel! with the experimental results). Assuming that the defor-
mation of the beam’s fibres follows the same law in the stretched and
compressed zones, we may express the strain of a fibre at a distance y

by the rclation (§ 63) 8=%’ where p is the radius of curvature of the

neutral surface of the beam.

In the loaded state the deformation of the heam fibres increases
gradually on account of creep of the beam’s malerial; the radius
of curvature of the neutral surface also increases. The total relative
deformation of an arbitrary fibre may be represented as the sum of
¢lastic and creep strains, i.e. e=¢e,}e.. The rate of change of total
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The maximum deflection occurs in the section where x=1/2; we get
(dy Rin+ H kpnina 2

& Jmax . TE(RAD T (a2 ae s e

Integrating w.r.t. {, we obtain
kPrn+2

Ymax = — I+ H
Jma (" _|_2,2:\u +X|J'zx‘.

where H is the constant of integration. Since at (=0
pI
Ymax = ‘ymox)c = —'j'g}':_'];

we have

pPi®
H = (Ymax)e = — 317,

The maximum deflection due to creep may therefore be writlen as

P kPnin+3
Yomax = ‘“4851,‘—(,; F2)2Nnrh 8
b3 2x 43
J, ol b ke 10.67 cm*

and

400 %508 1.5X 10-16%400% X 503+32
| Ymasl = BT EX PRI T~ B oF By xeeen 10000
=0.0611 4+0.3634 =0.425cm

Under creep, the maximum load on the beam should be determined
from consideration of permissible deformation. If, for instance, the
maximum deflection of the rectangular beam should not exceed 1/500
of its length (0.1 cm) afler 10 000 hours of opesation, then the maxi-
mum permissible load may be calculated from the condition

pi kPnin+?
48§J,+(n-|-2)22(n+n_ynu t<[f]

Substituting the numerical values, we get

50°P 1.5 10~ 1508
B EaBRTe T sxaerxe 10000~ <0.1

or
P +40.2326P2x 10-¢ < 40.96
wherefrom
P <<40.8 kgf ~ 40 kgf
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Table I
Iabulated valucs about nxes
X=X vy
J W ¢ S, J 1.4 ¢
(cin) feud) i) (em®) (cmty () (om)
198 39.7 4.06 23.0 17.9 6.49 1.22"
350 58.4 4.88 3.7 27.9 8.72 1.38
572 81.7 5.73 46.8 41.9 11.50 1.55
873 109.0 6.57 62.3 58.6 14,50 1.70
1290 143.0 7.42 81.4 82.6 18.40 1.88
1430 159.0 7.51 89.8 114.0 22.80 2,12
1840 184.0 8.28 104.0 115.0 23.10 2.07
2030 203.0 8.37 114.0 155.0 28.20 2.32
2550 232.0 9.13 131.0 157.0 28.60 2.27
2790 264.0 9.22 143.0 206.0 34.30 2.50
3460 289.0 9,97 163.0 198.0 34.50 2.37
3800 317.0 10.10 178.0 260.0 4] .60 2.63
5010 3n.0 11.20 210.0 260.0 41.50 2.54
5500 407.0 11.30 229.0 337.0 50.00 2.80
7080 472.0 12.30 268.0 337.0 49,90 2.69
7780 518.0 12.%0 292.0 436.0 60,10 2.95
9840 597.0 13.50 339.0 419.0 §9.90 2.79
13380 743.0 14.70 423.0 516.0 71.10 2.89
19062 953.0 16.20 545.0 667.0 86.10 3.03
27696 1231.0 18.10 708.0 808.0 101.00 3.09
39727 1589.0 19.90 919.0 1043.0 123.00 3.23
55962 2035.0 21 .80 1181.0 1356.0 151.00 3.39
76806 2560.0 23.60 1491.0 1725.0 182.00 3.4
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ahsolute displacement 129
absolute clongation 33

active force 312

after-effect 608

alternating cycle 573
amorphous material 21
aniplification factor of vibrations 539
amplitude of vibrations 535
angle, twisling 169

angle of shear 129
anisotropic material 37, 5
axes of inertia, principal 251
axial compression 27

axial force 29

axial moment of inerlia 233
axial temsion 27

axis, neutral 227

bar(s), compressibility of 559
curved 423
with large curvature 439
prismatic 27
rigidity of 34
with small curvature 439
beam, cantilever 213
continuous 366
critical section of 200
deflection of 292
equation of deflected axis of 293
fictitious 314
riveted 289
simply supported 207
statically determinate 199
statically indeterminaie 199, 356
of uniform rigidity 329
of uniform strength 324, 558
welded 290
beam section, angle of rotation of 293
beam supporis, reaction of 197

Subject Index

bending, pure 225
uni-planar 256
unsymmetric 379

bending moment 203, 348
diagram of 204

biaxial stress 102

breaking away, failure by 101

breaking load 457

brittle %ailure, theory of 138

brittle material 41, 52

bulk modulus 123

butt joint {59 —

cable, flexible 92
cantilever beam 2{3
capacity, lifting 471
Custigliano’s theorem 340
centre, flexural 387
characteristic cycle 574
circle, Mohr's 110

moment of inertia of 240
Clapeyron's theorem 335
coefficient, damping 539

dynamic 524

of dynamic response 60

of length 485

of operating conditions 475

of overloading 476

for production process 593

of reliability 476

of stress concentration 676
comparison of displacemenis 361
complementary sheacing stresses 109
complex figure, moment of inertia of

245

component constant of cycle 574
component variable of cycle 574
composite siressed state (01
compound loading 378
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energy theory of strength 145
envelope 142
equal moments, method of 471
equation, of deflected axis 293
of method of initial parameters 305
of three moments 372
equatorial moment 233
Euler's formula 482
external force 19
method of 344

factor of safety 24, 30
main 63, 64
factor of stress concentration 583
failure, by breaking away 101
due to shearing 10}, 133
through rupture 132
fatigue 60, 572
fatigue crack 672, 594
fatigue limit 61
fictitious beam 314
fillet weld, joint with 162
fixed hinged suppori 197
fixed support 198
rigidly 198
flexibility 483
flexible cable 92
flexural centre 387
fluctuating cycle 573
force(s), active 312
axial 29
concentrated 19
critical 478
cumulative action of 336
distributed 19
external 19
method of 344
generalized 333
of interaction 19
normal 29
passive 312
of reaction 20
shearing 203
superposition of 83
volume 19

forced vibrations 535
formula, Saint-Venant’s 407
frame 351

free torsion 187

generalized displacement 333
generalized force 333
generalized Hooke’s Jaw 335
graph-analytic method 33

helical spring 181

hinge, ductile 466

hinged support, fixed 197
movable 197

Hooke's law 33
generalized 335

hydrostatic load 455

impact load 20

impact test 565

initial parameters, method of 305
integration, successive 312
intensity of continuous load 206
interaction, force of 19

I-section 285

isotropic material 37

joint, butt 159
lapped 151§
riveted 159
welded 159
with side fillet weld 162
joint deformation, condilion of 67, 80,
360

lapped joint 151
lateral deformation 36
lattice, crystalline 21
law, Hooke's 33
generalized 3385
of complementary shearing stres-
ses 109
conservation of energy 331
constancy of volume 50
of cumulative action of forces 335
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movable 197
rigidly fixed 198
system, rigidity of 550
statically indeterminate G6

tangential modulus of elasticily 490
temporary load 19
tensile strength, ultimate 30
tensile stresses 100
maximum, theory of 138
tension, axial 27
eccentric 392
{est, impact 565
theorem, Castigliano's 340
Clapeyron’s 335
of Maxwell and Mohr 347
of reclprocity of displacements 347
of reciprocity of works 347
theory, of brittle failure 138
of ductile failure 140
of maximum {ensile stresses 138
of maximum shearing siresses 140
of potential energy of distortion 146
of rupture 138
ol shear 140
of strength 136
thin-walled reservoir 103
thin-walled rod 194
thin-walled vessel 454
three moments, equation of 372
torque 165
torsion, free 187
pure 187
torsional rigidity 177
total pliability of structure 564
total specific work 46
trajectory of principal stresses 2§2
trapezoid, neutral layer of 435
triaxial stress 103
true rupture strain, total 51

647

triie rupturc stress 51
truc ultimate strength 51
T-section 243

twisting angle 169

ultimate load 457
ultimate strength 23, 43
true 51
ultimate tensile strength 30
uniaxial stress 102
uniform distribution 29
uni-planar hending 256
unit force, bending moment due to 348
unstable creep 610
unisymmetric bending 379
unsymmetric cycle, sirength endurance
in 579

variable load, repeated 20

variable stress 675

Vereshchagin’s method 349

vessel, thin-walled 454

vibrations, amplification factor of 539
amplitude of 535
forced 535
natural 535

volume force 19

warping 488

weight, dead 86

welded beam 290

welded joint 159

work, of elastic deformalion 46
specific 46

work hardening 590

zero base cycle 573
Zhuravskii's formula 284



