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Preface
to the Fifteenth Russian Edition

The new edition of Strength of Materials by N. M. Belyaev has 
been published after II years. In 33 years that lapsed between the 
publication by N. M. Belyaev of the first edition in 1932 and the last 
fourteenth edition in 1965 a total of 675 000 copies of the book were 
sold, testifying to its wide popularity. During this period the book was 
periodically enlarged and revised by N. M. Belyaev and, after his 
death in 1944, by a group of four of his co-workers. This group, which 
prepared from the filth to the fourteenth editions for publication, did 
not consider it proper to make substantia] changes in the original 
work of N. M. Belyaev. Additions were done at one time or another 
only when they became absolutely necessary due to changes in stan­
dards and technical specifications and in the light of recent research.

In the present edition, prepared by the same group, a number of 
topics have been dropped either owing to their irrelevance to strength 
of materials or because they are rarely taught in the main course. The 
topics that have been dropped include Contact Stresses, Riveted Beams, 
Reinforced Concrete Beams, Approximate Methods for Calculating 
Deflection of Beams, Beams on Elastic Foundation, Design of Thin- 
wailed Bars, all graphical methods, and a part of Complicated Prob­
lems of Stability Analysis, the other part of the last topic being pre- 
sented in an abbreviated version. The reader may refer to the earlier 
editions of this book or special monographs in case information is 
required on these topics.

Considering the availability of a large number of problem books 
(see, for instance, Problems on Strength of Materials edited by V. K. Ka- 
churin) on the market, most of the examples have been dropped from 
the present edition. Only examples that are essential for the explana­
tion of theoretical part have been retained.

For greater compactness the problem of design for safe loads has 
now been included in Chapter 26 For the first time the chapter inclu­
des the principles of design for limiting states, which though beyond 
the limits of the basic course of strength of materials are important 
enough to require an exposition of the basic concepts even at this stage 
of teaching.

The problems of strength, which in the previous editions occupied 
two chapters, have been grouped into one. The part dealing with actual 
stresses has been transferred to Chapter 2, where it has been presented 
in a sufficiently detailed manner.

The tables containing data on materials have been dropped from the 
appendices. A part of the data on materials has been transferred to
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PART I
Introduction. 

Tension and Compression

CHAPTER 1

Introduction

§ 1. The Science of Strength of Materials

In designing structures and machines, an engineer has to select the 
material and the cross-sectional area of each element of the structure 
or machine so that it enables the element to have strength to resist 
external forces transmitted to it by adjacent elements of the structure 
without failure of strength or distortion of shape, i. e. the element 
should function properly. Strength of materials provides the engineer 
with fundamentals for a proper solution of this problem.

Strength of materials deals with the behaviour of various materials 
under the action of external forces and points out how to select the 
appropriate material and the cross-sectional area of each element of 
the structure so as to prpyide fully reliable functioning and the most 
economic design.

Sometimes, strength of materials has to deal with the problem in a 
modified form—to check the dimensions of a designed or existing 
structure.

The conditions for maximum economy in design and reliability of 
functioning are contradictory. The former demand minimum consump­
tion of materials whereas the latter lead to increase in consumption. 
This contradiction forms the basis of the technique, which has facili­
tated the development of strength of materials.

Often the existing methods of checking the strength and the availab­
le materials are unable to meet the practical requirements for providing 
answers to new problems (for example, attaining high speeds in engi­
neering in general and in aerostatics in particular, long-span structures', 
dynamic stability, etc.). This initiates a search for new materials 
and study of their properties, and inspires research for improving the 
existing methods of designing and devising the new ones. Strength of 
materials must keep pace with the general development of engineering 
and technology.
2-3310
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the weight of the train through the wheels and rails and transmit it to 
the stone supports, and the latter, in turn, communicate this load to 
the foundation. The steam pressure in the cylinder of a steam engine is 
transmitted to a piston rod. The pulling force of the locomotive is 
transmitted to the train through a coupler which connects the tender 
with the wagons. Hence, the elements of structures are subject to either 
volume forces acting on each element of the structure (dead weight) or 
forces of interaction* between the element under consideration anti 
adjoining elements or between the element and the surrounding medi­
um (water, steam or air). In future, when we say that an external force 
is being applied to an element of the structure, this will imply the 
transmission of force of pressure (motion) to the element under consid­
eration from adjoining elements of the structure or the surrounding 
medium.

The forces may be classified according to a number of criteria.
We distinguish between the concentrated and distributed forces.
A concentrated force is defined as the force of pressure transmitted to 

the element of structure through an area which is very small as compa­
red to the size of the element, for example, the pressure of the wheels 
of a moving train on the Tails.

In practice the concentrated force is considered to be acting at a point 
owing fo the small area through which the pressure is transmitted. 
We must keep in mind that this is an approximation which has been 
introduced to simplify the calculations; actually, no pressure can be 
transmitted through a point. However, the error due to this approxi­
mation is so small that it may be generally ignored.

A distributed force is defined as the force applied continually over a 
certain length or area of the structure. A layer of sand of uniform thick­
ness spread over the sidewalk of a bridge represents a force which is 
uniformly distributed over a certain area; if the thickness of the sand 
layer is not uniform we shall obtain a non-unifornily distributed load. 
The dead weight of a beam in the ceiling represents a load distributed 
over its length.

The concentrated loads are measured in units of force (tons, kilog­
rams, newtons **); the loads distributed over an area are measured in 
terms of force per unit area <tf/m*. kgf/cm*, N/m*, etc.); the loads 
distributed along the length of an element are expressed as force per 
unit length (kgf/m, N/m, etc.).

The loads may further be classified as permanent and temporary. 
The permanent loads act throughout the whole life of Ihe structure, 
e.g. dead weight. The temporary loads act on the structure only for a

* To be precise, the weight of a body is the force of interaction between the 
body and the earth.

** In the SI system, which is now preferred and recommended, the force is mea­
sured In newtons (1 N«0.102 kgl).

2*
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Thus, to determine the stresses, it is necessary to imagine the ele- 
ment to be cut in two parts and write down the conditions of equilib­
rium for the system of forces acting on one of the cutoff parts; this 
system includes the external forces applied to the part of the bar under 
consideration and also the force transmitted through the given plane 
and expressed in terms of stresses sought. This is the method of sec­
tions, which we shall constantly apply in future.

Let us point out, that, in strength of materials, Ihe term "stress’* 
is verv often used instead of the expression “internal forces of interac­
tion between parts of the bar”; therefore in future when we mention 
“uniform and non-uniforin distribution of stresses over the section” 
and “force as the sum of stresses”, we must bear in mind that these 
expressions are to a certain degree conventional. For example, to deter­
mine the force one cannot sum up the stresses at various points; as 
mentioned above, it is necessary to find at each point of section the 
elementary force which is transmitted through an elementary area dA 
and then sum up ail these values. Recapitulating what has been writ­
ten above, we come to the conclusion that when an external force is 
applied to an element of structure, the latter gets deformed and the 
deformation is accompanied by stresses in the element.

Strength of materials studies, on the one hand, the relation between 
the external forces and, on the other hand, the deformations and 
stresses due to them. This enables the engineer to solve the important 
problem of selecting a bar of proper dimensions and appropriate mate­
rial to resist the external forces. In the next section we shall give an 
outline of the solution to this problem.

§ 4. Scheme of a Solution of the Fundamental Problem of Strength 
of Materials

While selecting the size and material for an element of the structure 
we must provide for a certain safety factor against its failure and plas­
tic deformation. The element should be designed so that the maximum 
stresses that occur during its operation should always be less than the 
stresses at which the material fails or undergoes plastic deformation.

The stress at which the material fails is called the ultimate (tensile) 
strength; we shall denote it with the same letter as stress but with 
subscript u. The stress beyond which the material deforms insigni­
ficantly and only up to a predetermined value is known as the elastic 
limit* -These quantities are known as the mechanical characteristics 
of resistance of materials to failure and plastic deformations. To ensure 
the smooth functioning of the structure without a risk of failure, we 
must see to it that the element is only subjected to stresses which are 
less than its ultimate strength.

* Ultimate strength and elastic limit will he more precisely explained in § 10-
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king down. Thus, the design based on permissible stresses is replaced 
by the design based on permissible loads.

In this case, it is necessary to:
(1) ascertain the magnitude and nature of all the external forces, 

acting on the given element;
(2) select the appropriate material that is most suitable in the 

working conditions of the structure and also takes into considera­
tion the nature of loading; determine the safety factor;

(3) set the cross-sectional area of the elements of structure in nume­
rical or algebraic form, and calculate the maximum permissible 
load P ^r\

(4) write clown the strength condition P^Pper and with its help 
calculate the cross-sectional area of the elements of structure or 
check whether the set dimensions are sufficient.

In a number of cases, as we shall see later (§ 150), both methods give 
similar results.

In general, we shall be using the conventional method of design 
based on permissible stresses; however, along with this, the method 
of design based on permissible loads will be explained, especially in 
cases where the two methods give dissimilar results.

In the majority of cases the strength condition must be supplement­
ed by stability and rigidity tests. The first test ensures that the 
elements of structure must not change their predetermined type of equil­
ibrium, and the second test sets limits to the deformations of elements.

While solving problems on strength of materials, we have to take 
the help of theoretical mechanics and experimental techniques. The 
determination of external forces is based on equations of statics; in 
statically indeterminate structures, it is essential to determine the 
deformation of the material. This, as shown in § 18, is possible only 
if we have reliable experimental data on the relation between deforma­
tions and forces or stresses.

To estimate the permissible stresses we must know the ultimate 
strength of the material and its other mechanical properties. This 
information can also be obtained by a study of the properties of mate­
rial in special material testing laboratories. Finally, to determine actu­
al stresses we seek the help of not only mathematical analysis and mech­
anics but also the available experimental data. Thus strength of ma­
terials consists of two methods of solving a problem: analytical, based 
on mathematics and mechanics, and experimental. Both these methods 
are closely interrelated.

Strength of materials should not be considered a branch of science 
which deals only with theoretical determination of stresses in some 
homogeneous elastic body. The problems studied in strength of mate­
rials can be solved only if we have sufficient experimental data on the 
mechanical properties of real materials, keeping in mind their struc­
ture, methods of fabrication and machining. Therefore, we have paid
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The equivalent forces must balance force P. Therefore they must 
compose a resultant force N equal in magnitude to force P and directed 
along the axis in the opposite direction (Fig. 6). This resultant N 
is the force acting in the bar.

In future the resultant of internal elastic forces, transferred from 
one part to the other across the imaginary section, will be called normal 
or axial force. However, since the cutoff portion of the bar must remain 
in equilibrium under the action of the normal force and the external 
forces acting on it, the normal force may also be calculated through 
the external forces. It is numerically equal to the resultant of external 
forces applied to the part of the bar under consideration and acts 
in the opposite direction. If the normal force acts inwards into the 
part under consideration, the bar is said to be compressed; if it acts 
in the opposite direction, the bar is said to be in tension.

Thus, the conditions of equilibrium of the remaining portion of the 
bar only give us the magnitude of the resultant of the internal forces 
transmitted through section mn, its direction and point of application. 
They, however, do not give us any idea of how the stresses are distri­
buted over the section, i.e. what forces are being transmitted through 
various unit areas of the section. Let us point out that to ascertain the 
maximum danger of failure of a material, it is essential to determine 
the maximum stress and also the unit area of the critical section 
through which it is transmitted.

Experiments on tensile loading of bars of various materials reveal 
that if the forces are directed along the axis sufficiently accurately, 
then the elongations of lines drawn on the surface of the’ bar parallel 
to the axis are equal. This gives rise to the hypothesis or uniform 
distribution of stresses over the section. Only at the faces of the bar, 
where force P is directly transmitted to it, the distribution of stresses 
over different parts of the section is not uniform. The portions to which 
force P is applied directly gel overloaded; but just a small distance 
aw'ay from the point of application of the force the material starts 
behaving more uniformly and stress distribution over the section 
perpendicular to the axis becomes uniform. These stresses are directed 
parallel to force P, i.e. perpendicular to the section; therefore they 
are called normal stresses and denoted by the letter o. Since they are 
distributed uniformly over the section, N=oA\ on the other hand, 
N —P. Hence

o —£
A (2. 1)

This formula enables us to determine stress cr if the tensile force and 
the cross-sectional area are known. On the other hand, if ure know the 
maximum permissible normal stress, this formula helps us to find the 
required cross-sectional area A.
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Sometimes the cross-sectional area is preset. Then, from formula
(2.3) we can find the permissible load

P < A [ a ]  (2.4)
Returning to the design of the wagon coupler (§ 6, Fig. 4), it Is 

required to select the material and the permissible stress. The coupler 
is made of steel with an ultimate strength of about 50 kgf/mm*. The 
material is selected such that the coupler is not too heavy, this condi­
tion being fulfilled only by using a high-strength material. At the same 
time, the material should have good resistance to shocks and impacts 
A steel of a very high ultimate strength cannot be used because it is 
brittle.

The coupler should not only withstand fracture but also resist any 
noticeable plastic deformation to prevent jamming of the coupler 
thread. The elastic limit for the selected steel is approximately 0.6 
times its ultimate strength cr«. We shall see later that the stress under 
sudden loading is nearly twice its value under static loading, i.e. its 
value as determined Under laboratory conditions. The permissible 
stress should therefore not exceed

0.5x0.6afl =  0.3(TB
Hence, the safely factor

Therefore, in this case we may take the permissible stress 

[oj =  Y' =  0.3a„ =  5 0 x 0 .3 =  15 kgf/mm* =  1500 kgf/cma

The required cross-sectional area at P=25 tf is
. ^  _P__ 25 000

H ^  [ o \ ~  1500 16.7 cras

The diameter of the coupler d is computed from the condition
nd*

4 A 5 s 16.7

wherefrom
Y -4 .55cm  * 4.5cm

The calculated diameter corresponds to Ihe base of the thread with 
the minimum cross-sectional area. When the cross-sectional area of 
the bar is decreased in a particular place, for example due to a bolt or a 
rivet hole, a circular cut or a groove (threading), it is essential to de­
termine the minimum cross-sectional area, called net area and denoted
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The modulus of the ratio of the relative lateral deformation e, to 
the relative longitudinal deformation e is called the coefficient of lateral 
deformation, or Poisson's ratio p:

ll K (2.8)

Like the modulus of elasticity £ , Poisson's ratio p is also characte­
ristic of elastic properties of materials. For materials which have 
identical elastic properties in all directions, these properties can be 
completely characterized by constants £  and p. Such materials are 
called isotropic. With sufficient accu­
racy as far as practical application 
is concerned, we may consider 
steel and other metals, most of the 
stones, concrete, rubber and non- 
laminate plastics as belonging to 
the group of isotropic materials.

In addition to the isotropic mate­
rials, we also have anisotropic ma­
terials, i.e. materials having dissi­
milar properties in different direc­
tions. To this group of materials 
belong wood, laminate plastics, 
some of the stones, cloth, etc. A 
single value of £  and p cannot char­
acterize their elastic properties; it 
is essential to have a number of 
values of these constants in various directions.

For numerical determination of p, it is essential to measure simulta­
neously the longitudinal and lateral deformation of a bar under tension 
or compression. Generally, these deformations are measured in stretch­
ing a specimen in the form of a long and wide plate (metals), or 
for a prismatic specimen (stone) under compression.

The values of the coefficient of lateral deformation of various ma­
terials are given in Table 1 for deformations within the clastic limits.

Knowing the value of p, we can calculate the change in the volume 
of the specimen under tension or compression. The length of the de­
formed specimen is / ( I +&). The cross-sectional area of the deformed 
specimen is A (1—ep)2. The volume of the deformed specimen is

Vt =  Al (1 +  e) ( I —pe)a -  V (1 +  e) (1 — pe)*

Fig. 8

where V is the initial volume.
Since e is a negligibly small quantity up to the limit of proportiona­

lity, we may ignore its square. Then volume V\ becomes
V , - V [ l + » ( 1- 2|»)]
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The relative increase in volume (volume strain) is

~ ^  =  e(l — 2^)

If Poisson’s ratio p=0.5, there is no change in the volume due to 
deformation. However, since p<0.5 for a majority of the materials, 
tension is accompanied by an increase and compression by a decrease 
in the volume. For rubber p«0.5, therefore there is almost no change 
in Its volume when it is stretched.

The lateral deformation that accompanies the longitudinal deforma­
tion has great practical significance. More light will be thrown on this 
aspect in the succeeding discussion.

Let us consider the following example of applying the methods and 
formulas derived above.

Example. A load of Q=4 tf is suspended from bracket ABC, consist­
ing of a wooden rod AC and an iron pull rod AB (Fig. 9). Pull rod AB

has a round section and rod AC a square section. Find diameter d of 
rod AB and sides a of the square section of rod AC if the permissible 
stress for wood is le . 1=25 kgf/cm2, for steel l<r+l=900 kgf/cm* ([a_] 
is the permissible stress under compression, Io+l is the permissible 
stress under tension); determine the vertical and horizontal displace­
ments of point A. The length of rod AC is U=l m.

Forces A\ and AT* in rods AB and AC can be determined from the 
equilibrium condition of hinge A, at which the given force Q and the 
unknown forces N, and are applied.

By plotting the equilibrium triangle for these forces (Fig. 10), we get

AT,= =  2 Q = 8  tf

A = Q cot 30* =  Q1/3 =  6.93 tf
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and the vertical displacement (Fig. 11 (&))
f  | =  AsA a =  "1" ̂ 4^3

The segment
AtAA — AAz — AfjSina

and

But

Therefore
AxA4 = A^Aj -f AtAt =  A/t cos a - f  A/a

1 A/ 1 cosa a —&lt cos «
sin aA^A 3 =  (A/, cos a  +  A./4) t#? -  

Consequently,
/, -  /!,/!. +  ̂ / l ,  -  A/,sin a + ^ c°s‘° + 41»eosct- *'■+*'! M»« '* * ■ * ' « *  1 sin a  sin a

Deformation of the rods is determined by the formulas 
a / Ajlj 0930X 100 <i 4 i rt_i _
A,> = s 3 ; = T w r 7 r = 2 -4 x 1 0  cm

A' i = r r1 t-iAi
mox  ioox2

2x!0«vH 4 ^ X ^ T
=  5.07x I0 ’ a cm

Hence the horizontal displacement of poipt A is /a= 0.24 mm, and the 
vertical displacement is

. • i . i 0 .507 rf-0 .24X ^s—r __ a\/i + A /s Cos a  ^  2 , ___
' I --------ilTTa------- --------- O ---------=5 .43 mm

Total displacement AAa is
f - V T \W i  =  1 1.43* +  0.24* =  1.45 mm

CHAPTER 3
Experimental Study of Tension and Compression 

in Various Materials and the Basis 
of Selecting the Permissible Stresses

§ 10. Tension Test Diagram.
Mechanical Properties of Materials

In the previous chapter, while determining the cross-sectional area 
and deformation, we came across a number of quantities which chara­
cterize a material not only within the limit of proportionality (modulus
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of elasticity, limit of proportionality) but also beyond it up to its 
complete breakdown (ultimate strength). To have a good idea about 
the mechanical properties of materials under tension or compression, it 
is essential to study ex peri mentally the phenomena that accompany 
these processes.

By the difference in their mechanical properties under simple tension 
or compression at room temperature, the materials may be classified 
as brittle and ductile. The brittle materials break down under a very 
small residual deformation. The failure in case of ductile materials 
occurs after a considerable residual deformation. Cast iron, stone and 
concrete, are examples of brittle materials. The low-carbon steels and 
copper belong to the group of ductile materials.

Let us examine the behaviour of both types of material when subject­
ed to tension till failure. A prismatic specimen of round or rectangular 
section is prepared, th e  working portion of the specimen is calibrated 
in centimetres ch* fractions of centimetre , to be able to ascertain 
the change in its length after the experiment. The specimen is placed 
on the testing machine and its ends are.clamped. By straining the spe­
cimen axially it is stretched with a load, which increases gradually 
without shocks or impacts. A number of successive load values are 
applied, and the. corresponding increases in the length / marked on 
the specimen are measured.

The experimental results can best be represented in the form of a 
tension test diagram; a majority of thetesling machines have an attach­
ment which automatically plots this diagram when the specimen is 
stretched. In this diagram, load P is plotted along the vertical axis and 
elongation A/ along the horizontal axis.

The tension test diagram for a specimen from ductile material, e.g 
low-carbon steel, is of the pattern shown in Fig. 12. The first part of the 
diagram up to the point A corresponding to the limit of proportionali­
ty is a straight line. Ordinate OAi is the value of the tensile force that 
corresponds to the limit of proportionality i.e. the maximum stress 
which, if exceeded, results in deviation from Hooke’s law; for low- 
carbon steel op is approximately equal to 2000 kgf'cm*. This stress is 
determined from formula (2 .1) in which the original value -of the cross- 
sectional area A is used. This stress is known as conditional stress. 
In future, no special mention will be made when the original cross- 
sectional area is used. The word conditional will also be dropped.

When the tensile force is increased beyond ordinate O A the defor­
mation starts increasing more rapidly than the force—the diagram takes 
a curved shape bulging outwards. Then we notice a sharp change in the 
behaviour of the material; at a certain value of the tensile force OCt 
the material begins to “flow”. Almost no force is required to further 
deform the body. A horizontal (or almost horizontal) plateau is ob­
tained on the diagram. The stress at Which the material starts to flow,
i.e. at which the deformation increases at an almost constant load) is
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where
e At

to

is the conditional strain.
Formula (3.6) cannot be used in case of non-uniform deformation 

because it is difficult to measure A/ for computing e.
It is known that the specimen volume does not change under non- 

uniform deformation beginning from the moment of neck formation. 
This is known as the law of constancy of volume and may be expressed as

AJ0=Xl

where Ao is the original cross-sectional area. It ensues that
A>*. =  ( 4 , - A / l ) ( / 0 +  A/) 

after dividing by AM
i A0~—AA

Ao T T
or

(1 — ̂ >)(1 +  e ) « l ,  where '• iI
wherefrom

Upon substituting the last expression in formula (3.6), we finally ob­
tain

« = ln r= «  (3.7)

It should be noted that ij? is determined in the narrowest part of the 
neck.

In order to obtain the relationship between true and conditional 
stresses it should be recalled that

P = cA0 = aA

where cr is conditional stress, i.e. stress related to the original cross- 
sectional area. Further,

and
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moment of rupture the stress corresponding to the actual cross-sec­
tional area is more than the ultimate strength obtained by theconven- 
tional method.

However, it would be erroneous to use the latter value for calculat­
ing the maximum load which the bar can withstand before breaking 
down, which is very important from the practical point of view. This 
is clear from the tension test diagram in Fig. 12. The maximum load 
that the specimen withstands corresponds not to the moment of break­
down but to an earlier moment—the magnitude of this load is charac­
terized by the ultimate strength for the specimen of a given cross- 
sectional area. The actual stress increase in this case is due to the 
sharp reduction in the working cross-sectionai area of the specimen,
i.e. due to its rupture.

We may set a number of mechanical properties using the true stress- 
strain diagram. They were enumerated (marked by italics) when the 
plotting of true stress-strain tension test diagram was explained.

The ordinates of the true stress-strain diagram show the ability of 
material to resist plastic deformation.

To increase the plastic (residual) deformation, wc must subject the 
material to a continuously increasing stress; the greater the plastic 
deformation of the material, the greater is its resistance to such a tie- 
formation. This is known as strengthening. The ability of a material 
to strengthening is judged by the steepness of the true stress-strain dia­
gram, i.e. by tan a.

The difference of true total and uniform elongation is characteristic 
of the ability of material to deform locally (at the neck) and is known 
as local elongation.

§ 13. Stress-strain Diagram for Ductile and Brittle Materials
In the preceding sections, we have discussed the physical aspect of 

the process in which a specimen of ductile material, such as low- 
carbon steel, is subjected to tension. Stress-strain diagrams similar 
to the one shown in Fig. 16 are obtained for other ductile materials 
capable of plastic deformation.

Some (special) grades of steel, copper and bronze do not have Ihe 
yielding zone. There is a smooth transition of the straight-line portion 
of the diagram into the curved portion. As an example, the stress-strain 
diagrams for cast steel (a), bronze (b), nickel sleel (c), and manganese 
steel (d) are shown in Fig. 20.

For the materials which do not have a yielding zone, the yield stress 
is conditionally taken as the stress for which the residual deformation 
is the same as with a yielding zone. The residual relative elongation in 
this case is usually taken as 0 .2 %.

Brittle materials are characterized by the breakdown even at small 
deformations. When a specimen from a typical brittle material, such



Ch. 3\ Experimental Study of Tension and Compression 53

as cast iron, is stretched, inconsiderable deformation is observed right 
up to the moment of rupture. The specimen breaks down suddenly. 
The relative elongation and relative reduction in area are found to be

very small. The stress-strain diagram of cast iron under tension is 
given in Fig. 21. It should be noted that in Fig. 21 the horizontal 
scale of the diagram is approximately 40 times more, and the vertical 
scale is approximately 6  times more 
than the corresponding scales in 
Fig. 20.

As a rule, brittle materials have 
poor resistance to tension; their ul­
timate strength is less than that of 
the ductile materials.

The relation between stress and 
strain when stretching brittle ma­
terials does not concur well with 
Hooke’s law; even at low stresses 
we get a slightly curved line instead 
of the straight line on the diag­
ram, i.e. a strictly linear propor­
tionality between the force or stress 
and the corresponding deformation 
is absent.

Therefore, the modulus of elasticity £ , which is equal to the 
slope of the diagram (see § 11) cannot be considered a constant quan­
tity for brittle materials; it changes depending upon the stress for
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A typical stress-strain compression diagram for a ductile material 
(low-carbon steel) is shown in Fig. 24. As under tension, cold harden­
ing takes place under compression too.

As under tension, the brittle materials, such as stone, cast iron, 
and concrete, fail after a small deformation under compression. Figure 
25 shows the stress-strain diagram of a stone specimen under compres­
sion (a granite cube I0 X 10X 10 cm). Figure 26 shows the stress-strain 
diagram for a cast iron specimen under compression. Here also it

Fig. 27 Fig. 28

should be noted that the scales of diagrams in Figs. 25 and 26, especial­
ly the horizontal ones, are much larger than the scale of the diagram 
in Fig. 24.
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The nature of rupture in a stone specimen is shown in Fig. 27; the 
crushed specimen represents truncated pyramids joined by their 
smaller bases. This form of rupture is due to the friction force between 
the specimen and the bearing plates of the press. If we remove this 
friction, for example, by greasing the specimen faces with paraffin, 
the nature of rupture will be different: the stone will break into parts 
with cracks running parallel to the direction of the compressive force 
(Fig. 28). The crushing load for such a cube will be less than for a cube 
tested by the common method, without greasing. Therefore, the ulti­
mate strength in compression is to a considerable extent a conditional

characteristic of the strength of material. This must be taken into 
consideration when fixing the safety factor.

It has been observed that when a prismatic specimen made of stone 
or concrete is compressed slowly, the rupture starts with the appearance 
of lengthwise cracks parallel to the direction of the force. Therefore, 
we may say that the material of the specimen under compression rup­
tures apparently due to the failure of certain portions.

The nature of rupture for cast iron is close to that observed in case of 
stone. Figure 29 shows a cylindrical cast-iron specimen crushed by 
axial compression. I t must be noted that the resistance of brittle ma­
terials to compression is much greater than their resistance to tension.

Compression of a timber specimen gives sharply differing results 
depending upon the direction of compression with respect to the fibres; 
timber is an anisotropic material, i.e. it has different properties in 
different directions. The ultimate strength of timber compressed along 
the fibres is about 10 times more than when it is compressed across the 
fibres, whereas the deformation is much less. Figure 30 shows the com­
pression test diagramfor a timber cube tested along and across the fibres. 
Table 3 contains data on ultimate strength under tension and compres­
sion for most important materials.

Fig. 29 Fig. 30
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The amount of work required to crush ductile materials is greater 
than that required for brittle materials. Therefore, ductile mate­
rials are more suitable for structures designed to absorb the maximum 
possible kinetic energy of impact without failure.

The brittle materials fail easily under impacts just because their 
specific work of deformation is very small. Due to their small deforma­
tion up to stresses close to the ultimate strength, the same brittle mate­
rials are sometimes capable of bearing far greater stresses than the duc­
tile materials provided deformation is under the action of a placid, 
gradually increasing compressive force.

The second distinguishing feature between these materials is that 
in the initial stages of deformation, the ductile materials may be consi­
dered to behave identically under tension and compression. The re­
sistance of an overwhelming majority of the brittle materials to tension 
is considerably lower than their resistance to compression. This restricts 
the field of application of brittle materials or requires that special mea­
sures be taken to ensure their safe working under tension as, for exam­
ple, in reinforcement of concrete elements, working under tension, 
with steel.

A sharp difference is observed in the behaviour of ductile and brittle 
materials with respect to the so-called local stresses, which are distribut­
ed over a comparatively small portion of the cross section of the ele­
ment but the magnitude of which exceeds the average or nominal 
value, calculated from common formulas. Local stresses will be discus­
sed in detail in § 186.

Since we do not observe any considerable deformation in brittle 
materials almost up to the moment of failure, the non-uniform stress 
distribution shown above remains unchanged under tension as well as 
compression right until the ultimate strength is reached. Due to this, a 
weakened bar of brittle materia! with local stresses will fail or crack

p
at a much lower value of the average normal stress o=-^- as compared
to a similar bar without local stresses. Thus, we may say that local 
stresses greatly reduce the strength cf brittle materials.

The ductile materials are affected by local stresses to a much lower 
degree. The role of ductility as regards local stresses is to level them 
to some extent. The mechanism behind this levelling will be discussed 
in Chapter 31.

We have given a very simplified picture of the working of a bar wilh 
a non-uniform distribution of stresses. Actually, levelling out of stres­
ses is hindered not only by strain hardening, but also by the change in 
the stressed state at the location of stress concentration, its transition 
from a linear stressed state to a three-dimensional stressed state. This 
compound stressed state will be discussed later in Chapter 6 .

There is one more factor which stipulates the selection of one or the 
other type of material for practical purposes. Often, while assembling a
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safety factor ka. For ductile materials (steel) it is taken as k,,—k0=* 
=  1.4-1.6 , for brittle materials and wood ku= k 9 —2.5-3. Other factors, 
such as the dynamic nature of the forces, alteration of their action 
and the effect of local stresses are taken accounted for by additional 
coefficients, by which the main safety factor is multiplied.

It should be borne in mind that the permissible stress lol obtained 
according to formula (3 .9) should be compared to the actual stresses in 
the part of the structure without considering the dynamic action of 
the force and other additional factors.

If only the general points are considered while assigning the safety 
factor, i.e. the overall safety factor is taken equal to the main safety 
factor, the dynamic action of forces and the local stresses are taken 
account of, as far as possible, in the value of the actual stress, multip­
lying the main stress under static loading by the coefficients of dvnamic 
loading and stress concentrations. It is not difficult to see tnat the 
results in both the cases will be identical.

Table 4 contains approximate values of the overall safety factor 
with respect to the ultimate strength for various types of materials 
and loads including the factors accounting for the dynamic nature 
of loading and local stresses.

Table 4
Safety Factors

Load ini; Type of material

Static toad /Ductile 2.4-2.6
\  Brit tie 3.0-9.0

Impact load Ductile 2.8-5.0
Varying load (tension and compression of 

equal magnitude)
Ductile (steel) 5.0-15.0

The table is only of a tentative nature; it gives an idea about the 
change in the safety factor depending upon circumstances. Numerous 
aspects affecting the safety factor under impact and alternating loads 
will be discussed in greater details in Chapters 30 and 31.

§ 17. Permissible Stresses Under Tension 
and Compression for Various Materials

In the preceding section we tried to elucidate the numerous factors 
which affect the safety factor and consequently the value of permissible 
stress. Tn Table 5 are given the tentative values of permissible stresses 
under tension and compression for some important materials used in 
engineering and machine building. The table has been compiled on the 
basis of present Soviet standards.
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Table 5
Tentative Values of the Permissible Stresses for Some Commonly Used 
Materials

Material

Permissible stress 
(kgf/cm1)

. . .  . Under com- Under tension presslon

Gray cast iron 280-800 1200-1500
Low-carbon steel IGOO-2000 —
Structural carbon steel used in machine building 600-2500
Structural alloy steel used in machine building'' 1000*4000 and higher
Copper 300-1200
Brass 700-1400
Bronze 600-1200
Aluminium 300-800
Aluminium bronze 800-1200
Duraluminium 800-1500
Textolite 300-400
Laminated Bakelite insulation 500-700
Bake!ite impregnated veneer 400-500
Pine along the fibres 70-100 100-120
Pine across the fibres — 15-20
Oak along the fibres 90-130 130-150
Oak across the fibres — 20-35
Stonework up to 3 4-40
Brickwork up to 2 6-25
Concrete 1-7 10-90

The materials enumerated in the Table 5 must satisfy the require­
ments and norms (of strength, ductility, production process, chemical 
composition, etc.) of the corresponding standars. It does not cover all 
materials, nor the diverse conditions in which they work. In each de­
sign problem the permissible stresses should be specified in accordance 
with the official technical specifications and design standars for the 
given structure, and, in their absence, on the basis of factors discussed 
in the preceding section.
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The additional equation required for the solution of the problem 
can be compiled using the ideas gained in passing over from the theo­
retical mechanics to the strength of materials. We must take account 
for the ddorinability of material. One more equation can be found 
in studying the deformations of the structure. It turns out that it is 
always possible to find as many additional equations as is required 
to complete the number of static equations so that the number of 
equations be equal to the number of unknown quantities.

Fig. 31

The extra equations are formed on the basis of the common principle; 
they should express the coruiilions of joint deformations of the system.

Any structure deforms in such a way that there are no ruptures 
of the bars, their disconnection or any unforeseen relative displacement 
of one part of the structure with respect to the other. This in brief 
is the principle of joint deformation of the elements of a system.

The general method of solving statically indeterminate systems is 
as follows. First of all we must decide what are the forces to be deter­
mined, then write down all the static equations of a solid body, and 
finally derive the required number of extra equations to find the un­
known forces.

A course of the solution of the problem is shown for the particular 
example (Fig. 32). Suppose the side bars of equal cross-sectional areas 
are made of steel, whereas the middle bar is made of copper. The length 
of the middle bar is /s and that of the side bars, /*. Suppose the per­
missible stress for steel is la,l and for copper l<jfl. It is required to 
determine the safe dimensions of the cross sections of these bars under 
the action of suspended weight Q.

First of all we shall determine the forces acting on each of the three 
bars. Since there are hinges at points A , B, C and D, all the three bars 
can be subjected to only axial forces. Let us consider these forces to 
be tensile. In order to determine these forces, we must consider the 
equilibrium of point A to which the only known force Q is applied. 
A scheme of the forces acting on point A and the location of coordinate
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axes are given in Fig. 33. Let us equate to zero the sum of projections 
of the forces acting on point A on the coordinate axes:

ALsina—Af,sma — 0 
Q — N3—Aft cos a —A/4co sa= 0

From the first equation we gel Aft=A/a; replacing Ar2 by M in the se­
cond equation, we obtain

N :i-\-2 N i cosa=Q  (4-1)

Now we have one equation with two unknowns.
To obtain the extra equation we must study the deformation of the 

structure. All the three bars will elongate under the action of force 
Q, and point A will descend. Since Nx and N a are equal and bars / and 2

are of the same material, elongations A/( and A/* will be equal if the 
bars are of equal length, point A will descend vertically downwards. 
Let us denote the elongation of the third bar by A/s.

The elongation of all the three bars is joined, i.e. the bars remain 
hinged at point A after deformation. To find the new position of this 
point, we assume the bars to be disconnected and plot on the diagram 
(Fig. 34) the new lengths of the side bars CCa and BB* by increasing 
their initial lengths by At,—AB* and M S=AC*. The new position of 
point A is obtained bv rotating the elongated bars CCt and BBa about 
points D and C. Points B3 and Ct will coincide at point A ,, moving 
along the arcs C*At and B*Ai which due to the small deformation 
may be considered as straight lines perpendicular to CC2 and BBS, 
respectively.

The new position of the side bars BAi and CA i is shown by dotted 
lines. Since the end of the middle bar is also fastened to the hinge, 
it will also come to point Ai, and elongation At3 will be equal to AAt.

According to Hooke’s law, the elongations Alt, A/a, and A/a of all 
the three bars will be directly proportional to the tensile forces slret-



Ch. 4( Design of Statically Indeterminate Systems Z()

1% ��4��%&-�� �,�&�� , �' �4� �%&��&$/� ��� �&�:&&�� �%&!&�&$��4/� ��!�,��-�
�%&�, 4#�&3� :&�!%/$$����/ �� �%&�&A��/�&H#/� ���1���&$/� �4� �%&�#�6��:��
,��1&!�  �� �%&��/�!�� ���-� �� /�4$&� AiABs,� :&�%/+&

ABi -=AAl�1�!/� ��� �O3�a ��,/� 1�!/� =9�@>

�&�� #!�&A"�&!!� &U� /�'� � OE�  �� �&�-!� �,� �%&� ,��1&!� �J � /�'� Na.� �% !�
 !� "�!! �$&� ��$��  ,� :&� 6��:� �%&�1��!!2!&1� ��/$� /�&/� �,� �%&��/�!�� �&�&�
:&� -#!��!�/�&�/�+&���  -"���/��� ,&/�#�&��,� �%&�!�/� 1/$$��  �'&�&�- �/�&�
!�!�&-!K� ��� '&�&�- �&� �%&�,��1&!� /1� �4�  �� �/�!� :&� -#!�� 6��:� �&,��&;
%/�'�& �%&�� �%&�1��!!D!&1� ��/$� /�&/� �,� �%&!&��/�!� ��� �%& �� �/� ��

�&�� Ai� /�'� A 9 � �&� �%&�1��!!D!&1� ��/$� /�&/!��,� �%&��/�!M� $&��#!� '&���&�
�%&� -�'#$#!� �,� &$/!� 1 ��� �,� !�&&$� ��� E g� /�'� �%/�� �,� 1�""&�� ��� T 1��
�%&�

Ali Nil � ��
EsAt� I

AO 3aEcAsi =9�E>

�#�� �4� �%&!&�+/$#&!��,� � lt� /�'� � l9 �  ��&H#/� ��� =9�@>3� :&�4&�

Nxh N3 I3 1�!/

���  !�&+ '&��� ,��-� �� /�4$&� ABD� =� 4�� E9>� �%/�

lt�a �O?�1�!�a

�%&�&,��&3

� fa � N , ^ c o s ' a � =9�9>

�%#!3� ���&A/- � �4� �%&�?� ��� '&,��-/� ��� �,� �%&� !�!�&-3� :&� %/+&�
���/ �&'�/��&A��/�&H#/� ���1���&$/� �4���,�/�'� Nu.

�� ��� '&,��-/� ��� �/6&!� "$/1&�  �� !�/� 1/$$�� '&�&�- �/�&� !��#1�#�&!�
���3� �#�� �%&�&� ��'�&!�����  -"�!&�/���1��!��/ ��!� ���,��1&�' !�� �#� ����
��$�� ��&� !�!�&-� �,� ,��1&!� !/� !,� �4� �%&�� &H# $ �� #-� 1��' � ��!�  !�
"�!! �$&�  �� �% !� 1/!&�� � �1&� �%&� �#-�&�� �,� #�6��:�!�  !�&H#/$� ��� �%&�
�#-�&�� �,� !�/� 1� &H#/� ��!�  �� !#1%� !��#1�#�&!3� �%&� '&,��-/� ���  !�
1�-"/� �$&� : �%� �%&� 1��' � ��!� �,� ?� ��� '&,��-/� ���� ���� &A/-"$&3�
�%&�,��1&!�/1� �4�  �� �%&��/�!�1/�� �&�,#$$�� '&�&�- �&'�,��-� �%&�&H# $ �;
� #-�1��' � ��!� �,� "� ��� A.� ���%� �%&��/�!� -/��&$��4/�&�#�'&�� �%&�/1;
� ��� �,� �%&!&� ,��1&!� : �%�#�� 4&�� �4� ' !1���&1�&'3� /�'� �%&�1��' � ���
�,� ?� ��� '&,��-/� ���  !� /#��-/� 1/$$�� ,#$, $$&'�

��� �%&� 1����/��3�  �� !�/� 1/$$��  �'&�&�- �/�&� !��#1�#�&!3� �%&�&� 1/��
�&�/��� �#-�&���,� ,��1&�!�!�&-!�!/� !,� �4��%&�&H# $ �� #-�1��' � ��!3�
�&1/#!&��%&� �#-�&�� �,� #�6��:�!�  !�4�&/�&���%/�� �%&��#-�&���,�&H#/;
� ��!�� ���-�/$$� �%&�"�!! �$&� 1�-� �/� ��!� �,� ,��1&!3� �%&� 1�-� �/� ���
:% 1%� /1�#/$$�� �11#�!�  !� �%&���&� �%/��1���&!"��'!� ��� �%&�1��' � ��� �,�
?� ��� '&,��-/� ���



70 Complicated Cases of Tendon and Compression [Pari U

In the statically indeterminate system (Fig. 32), the location of 
point A after deformation combines the elongations of all the three 
bars. For the condition of joint deformation to be satisfied it is essen* 
tial that the elongations should be in a definite ratio. This condition 
gives us the extra equation (4.4) required for determining the unknown 
force.

Continuing the solution of the problem we put the value of Ni 
from (4.4) into Eq. (4.1) and obtain

W,+ 2^ , 1^ 'os’ a  =  Q

whencefrcm

and from (4.4)

N a
l +  2-^rCOS3aEcA3

N,=-
Q jrircos*a______

1 + 2 cos3 a
AT,

(4.5)

(4.6)

It is evident from the formulas obtained that the value of N depends 
not upon the absolute values of the cross-sectional areas A and moduli 
of elasticity E , but upon their ratio. By setting different values of
the ratio n— 4 l we obtain various combinations of the forces Mlt
Nt, and Ns.

Knowing the forces and the permissible stress we can find Ai and 
A% from the conditions

Calculating Ai from the first condition and knowing the selected 
ratio n = 4 i» we can find This value can be checked upAt n
by seeing whether it satisfies the second condition of (4.7); if not, 
the value of At is found from this condition, and A t is determined by 
the formula

A l = rtA3  (4.8)

Thus, in a statically indeterminate structure with a given load we 
may obtain a number of different modifications of force distribution 
between the bars by changing the ratio of their cross-sectional areas. 
Let us take a numerical example for greater clarification.

Let Q=4 tf; a =30°; [aj=1000 kgf/cm* £,=2X10® kgf/cm\ 
[acl=600 kgf/cm*; Ee— 1 X10* kgf/cms.
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For preliminary calculation let us assume an arbitrary value of

Then

N

4 xf p F cosi3°a

1+ 2x r | w cos330<>
1.67 tf

1 +  2X?¥4?=8co85 30<»
l . U  t f

fxKii

From strength condition we obtain
„ N t 1670 

1 —  “  1000“
1.67 cm*

As we have assumed Ai=Aa, then Aa=1.67 cm8 
Let us check whether these dimensions will satisfy the strength 

condition for the middle bar:

^ 11^  =  667 kgf/cma>  600kgf/cm*

The assumed value of A a is not enough; it should be
noo
600 =  1.85 cm*

To maintain the condition A i= A 3  which formed the basis of our 
calculation, we must lake A1=A 3=1.85 cm* instead of the required 
value of 1.67 cm2 obtained from the first condition. In this way we 
shall have an additional reserve in the side bars.

If we wish to avoid this extra reserve and take
A, =  Aa=  1.67 cm8, As=1.83 cm* (4.9)

then forces Ni, Afa, and N3 will change immediately; the ratio A tfAt 
will no longer equal 1, as assumed earlier, but will be0.9. In formula
(4.5) the denominator becomes less and Na increases; in formula (4.6) 
the decrease in the value of the denominator will be less as compared 
to the numerator, therefore ATi and jV2 will decrease.

By decreasing the cross-sectional area of the side bars as compared 
to that of the middle bar, we reduce the forces acting on the side bars 
and increase the forces acting on the middle bar.

This reflects the general law which governs the force distribution 
between the elements of all statically indeterminate systems: the 
forces are distributed in accordance with the rigidity of the bars; the
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If we cut the tyre across the diameter (Fig. 37), the two Forces 
N must balance the total pressure on the internal surface of the 
cutoff portion of the tyre. Let us write down the equilibrium 
condition by projecting all the forces on the /pax is (Fig. 37). A pres­
sure p ds acts upon the element of length ds of the lyre; its projection
on the //-axis is equal to —pds sin a= —p-y sin a da, because ds=*

=  4  da. The equilibrium condition takes the form *0
n

2N — C p y s in a d a  =  0, or 2N— p -y fsina< 2a= 0  
� � �  o

whencefrom

2N—pd= 0  and /V =  y  , or p =  ̂

Thus we have one static equation for two unknowns N and p; this 
is a statically indeterminate problem. The unknown forces can be 
determined only by considering the joint deformation of the structure.

The tension in the lyre and the compression in the central portion 
should be such that they level the difference between Ihe diameters 
di and d2. Neglecting the deformation of the central portion due to 
its much greater mass as compared to that of the tyre, we find that 
the levelling of the difference in diameters takes place chiefly due to
elongation of the tyre. If this difference is y  of the lyre diameter,
then the relative elongation &R of the diameter and, consequently,
of the whole tyre will also be

The relative elongation of the tyre under force N is e4v=j% , where
A is the cross-sectional area of the tyre. Equating the values ert=» 
=e.v, we obtain an extra equation

JV = 1
EA n ’ ti

whence

P =
2EA
n r (4.16)

N EThe stress in the tyre is cr— .
In formula (4.16) d may be replaced (instead of the original diameter 

d2) by dt, because the difference in the diameters is infinitely small. 
Let us consider a numerical example (the tyre of a freight wagon

13 cm broad and 7.5 cm thick). Let d=r/|=900 mm; E—
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**2xl0‘ kgf/cm*; A =7 .5x  13=97.5 cm*. Then we have
2X10*

1000 =  2000 kgf/cm4

N =  2X 5 =  195 000 kgf =  195 tf

P
2X2X I0*X97.5 

90Xl(Kk) =  4330 kgf/cm

§ 20. Tension and Compression in Bars Made 
of Heterogeneous Materials

This type of bars belongs to the group of statically indeterminate. 
As an example, we shall discuss how to determine the dimensions of a 
composite column (Fig. 38) under the action of compressive forces
P. The column consists of a round steel bar of diameter d* and is

Fig. 38

located inside a bronze jacket of external diameter db and wall thick­
ness I.

Let us introduce the following notations:
Ao— cross-sectional area of the bronze pipe;
A s— cross-sectional area of the steel bar;

lo«l> £*— permissible stresses and moduli of elasticity of 
bronze and steel, respectively.

The required dimensions of the bar should be such that enable 
it to withstand load P.

Let us find stresses Oj, and <r„due to load P over areas Ai and A„ 
respectively, and write down the strength condition.

The bar is axially compressed by forces P applied at the centre of 
gravity of the section through rigid slabs 5 whose deformations are 
considered negligible (Fig. 38). The part Pi of the compressive forces 
is transmitted through the bronze jacket, and part P a, through the 
central steel bar (Fig. 39). We have only one equation of statics to 
determine these two forces which give rise to stresses in the steel bar 
and bronze jacket:

P ,+ P „  =  P (4.17)
Thik is a statically indeterminate problem. The second equation 

is obtained from the condition of joint deformation according to
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centration (holes, necks, fillets) depending upon the sharpness of 
change in shape of the part under tension or compression (Fi^*443) 
and pure bending (Fig. 444). The coefficients were determined for 
rectangular specimens by the optical method. In round specimens 
with necks and fillets the corresponding values of a r>( are found 
to be somewhat less. Some values of aCnl for round specimens are 
given in Table 22.

Table 22

Coefficient of Stress Concentration

Type of deform ation and source of stress concentration  a ?

I. Bending and tension
1. Semicircular neck on shaft, ratio of radius of neck to dia- 

meter of shaft
0.1 2.0
0.5 1.6
1.0  1.2
2.0 1.1

2. Fillet, ratio of radius to height of section (diameter of 
shaft)

0.0625 1.75
0.125 1.50
0.25 1.20
0.5 1 .10

3. Transition at right angle 2.0
4. Sharp V-shape neck 3.0
5. Whitworth tnread 2.0
6 . Metric thread 2.5
7. Hole, the ratio of hole diameter to cross-sectional dimen*

sions varies from 0.1 to 0.33 2.0
8 . Scratches on surface due to cutting tool 1.2-1.4

II. Torsion
1. Fillet, the ratio of fillet radius to the minimum shaft 

diameter
0.02 1.8
0.10 1.2
0.20  1.1

2. Keyways 1.6-2.0

It should be emphasized that the curves in Figs. 443 and 444 and 
Table 22 help determine the theoretical, i.e. the maximum possible, 
values of the concentration coefficient. Knowing the theoretical stress 
concentration coefficient, ae.t, the actual stress concentration coef­
ficient, a e.a, can be computed by the following formula:

«*.«. =  l + t f K . t — 1)
20*

(31.11)
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for steels having ultimate strength between 50 and 140 kgf/mm* 
milling (denoted by V )  without subsequent grinding and polishing 
creates a stress concentration equivalent to a r=  1.25*2 (here and 
farther on the lower value refers to steel having ou=50 kgf/mm* 
while the greater value refers to steel having crtt= l40  kgf/cm1. Rough 
grinding (denoted by W )  reduces the stress concentration coefficient 
to 1.1*1.45; fine grinding and rough polishing (denoted by V V V )  
correspond to a c=1.05*1.15, and only after fine polishing (denoted 
by V V V V ) &r— I. Nonferrous metals and alloys are somewhat 
less sensitive to the effect of surface finish on stress concentration.

The combined effect of local stresses and chemical reactions can 
result in a sharp reduction in the endurance limit of elements sub­
jected to corrosion. Experiments reveal that the endurance limit 
registers a sharp reduction if the tests are conducted in water or some 
other fluid which can cause corrosion. However, this effect is less 
pronounced in case of stainless steel parts.

Finally, the microstmclure of steel is another factor affecting the 
local stresses and consequently the endurance limit. The metal is a 
conglomerate of crystal grains of various sizes and arbitrary orien­
tation; therefore the actual stress distribution is to some extent non- 
uniform even under simple tension. The degree of non-uniformity of 
stress distribution increases with the non-uniformity of grain size. 
Therefore, a fine grained homogeneous structure obtained by proper 
heat treatment helps to increase the endurance limit of the material.

In conclusion, it must be emphasized once again that the higher 
the strength of a steel the greater is its sensitivity to ail types of cuts 
and surface damages and the higher is the quality of machining which 
it requires.

The expressions of endurance limit and coefficient of stress concen­
tration derived in this section will be used in subsequent sections 
for laying down rules to be followed in selecting permissible stresses.

§ 187. Effect of Size of Part and Other Factors 
on Endurance Limit

The values of endurance limit in the preceding section were all 
obtained for small specimens of a diameter between 7 and 12 mm. 
In recent experiments endurance limits have been determined on 
larger specimens having diameter between 40 and 50 mm. There are 
fatigue testing machines which are capable of testing wagon axles 
of diameter 150 mm or even 300 mm.

The experiments reveal that, firstly, there is a large spread in data 
if a big specimen of this size is used for determining the endurance 
limit by the method given in Fig. 435. Secondly, the endurance 
limit, though not accurately known on account of the large spread,
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While designing a part the effect of its operating conditions may be taken into account by a special coefficient K„ c, which as coeffi­cient K,, may be greater or less than unity.The effect of the frequency of a variable stress cycle on the endu­rance limit is usually considered when the endurance limit is being determined. The existing fatigue testing machines give, as a rule, about 3000 stress cycles per minute. Experimental studies show that variation of the number of cycles between 500 and 10 000 does not have any appreciable effect on endurance strength. Therefore, while designing parts subjected to variable loading the special dynamic stress coefficient KD should be used only when the cycle frequency is less than 500 or greater than 10 000 and also when the variable load is simultaneously an impact load.
§ 188. Practical Examples of Failure Under Variable Loading. 

Causes of Emergence and Development of Fatigue Cracks
Having established all aspects of failure under variable loading, let us study a few practical cases of such failures.Figures 446 and 447 show the broken axle of a wagon (bending ac­companied by torsion), in which failure occurred due to sham change

Fig. 446 l-'ig. 447

from a thick portion to a thin portion: instead of a smooth fillet the transition was sharp, with rough notches on the surface left by the cutting tool. The fatigue crack appeared at the outer surface and developed along a ring shaped path. The material of the axle was satisfactory; this is borne out by the extremely small area of mo­mentary rupture.Figure 448 shows the fracture of a non-rotating axle which bends in the vertical plane. The material is shaft steel with an approximate
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resulting in the fatigue crack. The development of the crack can be explained by the fact that high local stresses appear at its base, thus helping the crack propagate towards the interior of the material.

Fig. 4.53

It is interesting to note that fatigue cracks did not appear in the axles, the fracture of one of which is shown in Fig. 448, which were made from steel of lower strength (<ju«40 kgf mm-) although the same shape was retained. This can be explained by the fact that the r steels have different sensitivity to; local stresses. ,Figure 450 shows the fatigue! crack appearing in the oil hole of a crankshaft working under variable (in opposite directions) torsion. ,The cracks make an angle of 45° % with the shaft axis and are perpen­dicular to the principal stresses.Figure 451 shows the beginning of a fatigue crack on a car axle at the location of a very small (0.5-mm high) but very sharp re­cess. We find that the fatigue crack' starts developing simultaneously at a number of points, which may not necessarily be all in the same plane. Later all these cracks merge into a single crack.Figures 452 and 453 show two steam engine axles out of which the one with smooth transitions worked satisfactorily for 40 years, where­as the other with sharp change served only for one year. The mate­rial of the second axle was better than that of the first.Finally, Fig. 454 shows a fatigue crack which began due to internal sources of stress concentration. A bubble or a hollow inclusion in the rail head became the centre of local stresses. This resulted in gradual

Fig. 454
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or
[p+il fP -il 

lP + i| — p m ( M )  P * ( M )

wherefrom
Pa (M) [ p « l  +  Pm W  l> - i ]  =  IP +J  [p-i] (31.20)

Since
Pa (Af) =  —2~ Pniax (A f)585 2 f

and

it ensues from (31.20) that *

r_ t 2 [P+il fp - i l
IPrl O +  r J J p - i H - t l— r ) lp + l| (31.21)

The strength condition may be written as

Pmax ^  [P rl (31.22)

This general method of determining permissible stresses may be
elaborated as follows:

Given (a) type of deformation, (b) ratio of pma)l to pmU, (c) shape 
of the part; (d) mechanical properties of the material (cru). Find the 
permissible stress \p r\.

Solution:
(1) Calculate

Pmax-H Pmln * _  Pnm’-’Pmln
Pm'**-----2 -----  3  T

(2) Find
f —£aLn. 

Proax

(3) Determine the endurance limit under a symmetrical cycle for 
the given type of deformation:

P- 1 =  f

(4) From the curves in Figs. 443 and 444 determine aCtQ, depending 
upon the configuration of the part.

(5) Find q from the curve in Fig. 442.
(6) Calculate the actual coefficient of stress concentration
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stresses and two by normal stresses , where W = ^-  is
the section modulus of the round shaft.

For a strength check, under static loading we employed the following 
two conditions: condition (A) when- the theory of maximum shearing 
stresses was applied, and (B) when the theory of distortion energy 
was applied:

(A) V a* +  , � 6�<  [a] and (B) f o 1 +  3t* <  [o]

Both formulas may be written in a general form by dividing: them 
by lot:

<A) )// FF+^Zy<l and { B i y  i^ +7 s y <1

or in the general form

where 1� " � I  when the theory of maximum shearing stresses is £
applied, and -c=-j~j= when the distortion energy theory is applied.

Thus, the strength check by both theories may be represented by a 
common equation

W + W < X (31-23)

Since the fatigue crack is caused by the same physical processes 
of deformation of the material which result in failure under static 
loading, equation (31.23) may also be employed for checking the 
strength of materials under variable loading. Stresses o and r  may 
be broken into the components <rm, crtt and r m, ra:

o = om-h<Ja, r — r^+ Ta,

Here (al and fxl represent the permissible stresses under bending 
and torsion, lo# and hjl, respectively, obtained from the simplified 
Ip J-lp J  diagram (Fig. 456) by taking into consideration the 
stress concentration coefficient of the particular type of deformation
and the cycle characteristic, ~2̂ L or 7 ^ .

Y 0'mffx ‘max
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fluous luxuries but absolute necessities for safe functioning of a major­
ity of parts subjected to variable loading.

It should be noted that the questions of proper selection of mate­
rial and rules regarding proper design of parts cannot be studied in 
isolation from one another. The better the material, the higher is 
its ultimate strength and the higher the quality of machining which 
it requires. If we use a costly alloyed steel and do not pay sufficient 
attention to the reduction of focal stresses, we run the risk of bringing 
to nought the advantages that accrue from the use of high quality 
steel. The sensitivity factor of such a steel is much higher than that 
of mild steel. This was explained in § 186.

Figures 459 and 460 show the p»-pm diagrams for mild and high 
grade alloyed steels. On these diagrams lines AMB correspond to 
failure due to development of a fatigue crack, and lines GN represent 
failure due to plastic deformation when the stresses exceed the yield 
stress.

Lines AMN, which are shaded on the diagrams, represent the curves 
of breaking stresses (in the wider sense of the word). It is obvious 
that the chances of failure due to development of fatigue crack are 
far greater in case of alloyed steel than in mild steel. The chances 
of reduction of local stresses due to plastic deformation are consider­
ably less in the first case as compared to the second. This to a large 
extent explains the higher sensitivity of alloyed steels to stress con­
centration.

Summing up, we may conclude that the higher the grade of steel 
the higher is the quality of finishing which it requires so that all its 
properties may be fully exploited.

CHAPTER 32

Fundamentals of Creep Analysts
§ 192. Effect of High Temperatures on Mechanical 

Properties of Metals
On account of the fast development of machine building, increas­

ingly vital Importance is being attached to strength analysis of ma­
chine parts working for long periods at high temperatures. Such 
parts include discs and blades of steam and gas turbines, pipes and 
other elements of steam generators, various parts of internal combus­
tion engines, jet engines, chemical plants, etc.

The behaviour of the materials of such parts is affected by the 
absolute temperature as well as the duration for which the parts 
work at the high temperatures.

The properties of metals change considerably at high temperatures; 
therefore the known properties of strength and ductility at normal
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The plastic properties (total relative elongation and reduction of 
cross-sectional area at the moment of failure) suffer a slight setback 
as the temperature is increased from 20 to 200-250°C; with a further 
increase in temperature the plastic properties, as a rule, again begin 
to improve. However, the plastic properties of austenitic chrome- 
nickel steels, bronze, brass and nickel are adversely affected by high 
temperatures. On the other hand, the plastic properties of aluminium 
and magnesium improve.

The curves in Fig. 461 show the variation of strength and plastic 
properties of mild steel (0.15% C) as the temperature is raised to 
800°C.

§ 193. Creep and After-effect
The variation of strength and plastic properties with the increase 

in temperature is of vital importance in the design of elements of 
machines and structures. However, the most important factor affecting 
the behaviour of metals at high temperatures is creep.

Creep signifies a continuously (may be very slow) increasing de­
formation under constant forces (or stresses) and high temperature. 
In a number of metals (lead, brass, bronze, aluminium and a few 
other nonferrous metals and alloys) creep may occur even at room 
temperature.

The higher the temperature, the faster is the growth of deformation 
due to creep. Sometimes a gradual, continuously increasing defor­
mation over a sufficiently long period of time at high temperatures 
may load to failure of an element, even though the stresses induced 
in it are less than not only the ultimate strength but also the propor­
tionality limit at room temperature.

For example, the diameter of a steam pipe working at high temper­
ature and pressure increases continuously; finally ii may Tail due to 
rupture of its walls (this sometimes actually happens). The creep 
of discs and blades of steam turbines may result in overlapping of 
the gap between the blades and the turbine housing, leading to break­
age of the blades.

Creep of metals is an irreversible (permanent) deformation, which 
may be studied as slow yielding. In a number of cases (especially 
in a compound stressed stale) plastic deformation due to creep re­
sults not only in a change in stress but also their redistribution over 
the volume of the element. The change in stress is prominent 
when there is a restraint to total deformation of the body due to 
certain specific features of its working. In such cases, the elastic 
deformation experienced by the body during loading decreases with 
passage of time; this results in the beginning of plastic deformation, 
which subsequently continues to grow. It is accompanied by a reduc­
tion of stresses in the element. Such a reduction of stresses due to
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values of temperature T{ ( r ,< T i< r a< r 4< r s) are identical to the 
above curves.

At low values of stress (05=0 ,) creep may be completely absent, 
i.e. for the loaded specimen the e-/ diagram may be represented by a 
straight line passing through point Ai and parallel to the abscissa. 
At a somewhat higher value of stress (0 = 02) there will be a short

period of unstable creep, which will stop when the rate of creep be­
comes zero. At a still higher value of stress (cr=a3) the velocity of 
creep will not be zero but will be so small that failure due to creep 
will occur after a very long period, which far exceeds the service 
life of the element.

At stress a = a 4 we get the creep curve shown in Fig. 462. If the 
stress or temperature is further increased, the creep curves also un­
dergoes a further change: creep progresses at a faster rate, and the 
straight line portion of the curve—the zone of stable creep—goes 
on getting shorter till it reduces to a point {curve 5 in Fig. 463), i.e. 
the zone of unstable creep directly changes into the zone of failure. 
In this case the zone of stable creep is represented by an inflection 
point on curve ABCD, point B&, which coincides with point C8.

The nature of failure due to creep depends mainly upon the proper­
ties of the material at the given temperature. Carbon steels at temper­
atures less than 550°C, copper, lead and some other light alloys 
generally fail after large plastic deformation and neck formation. 
Special heat resistant steels having good creep strength fail after 
comparatively small deformation, the failure is brittle in nature 
and usually begins at the location of stress concentration.
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deformation at higher temperatures may considerably affect creep, 
giving rise to after-effect, diffusion and other processes which can 
strongly influence the resistance of a material to plastic deformation.
C. In studying creep a very important requirement is to establish a 
functional dependence between the main quantities which define 
the creep curve (stress (<j), temperature (7), and time (/)) and creep
deformation (e or ec) or creep velocity =

Various investigators proposed a number of formulas correlating 
the above quantities. The majority of these formulas were obtained 
empirically, and only a few of them additionally took into account 
the physical nature of the process of creep. Therefore, none of these

formulas is able to justify the experimental results oyer a wide range 
of stress, temperature and time variation. Jn a majority of the cases, 
analysis based on these formulas concurs well with the experimental 
data only over isolated portions of the creep curve, mainly in the 
zone of stable creep.

Since experimental study of unstable creep is much more difficult 
than that of stable creep, the zone of unstable creep on the creep curve 
has not been investigated sufficiently. Therefore, in actual creep 
analysis, the zone of unstable creep is often neglected by extending 
line BC (Fig. 466) till it intersects the vertical axis at point Bj, and 
the total deformation due to creep (for example, tK) is calculated by 
the following approximate formula:

^■ =eo +  e^ ei +  8c =  e/ +  ^ tana
=  -f- tpVc (32.2)

Stable creep has been experimentally studied to a much greater 
extent. From among the various relations for creep rate, proposed 
by different research workers, the following have been found to give
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to as the creep limit of the material from consideration of the minimum 
permissible or uniform rate of deformation (<*«.)• Evidently csn  is a 
function of temperature and the minimum permissible creep rate.

Table 24

Creep Velocity

Part per hour

1 Turbine discs with tight fit
2 Bolts, flanges and cylinders of steam turbines
3 Steam pipes, welded joints of boiler pipes
4 Pipes of steam superheaters

10-*
10-a
Ift- 7

io - ° - io - s

As an example. Table 24 gives the approximate permissible values 
of the minimum relative creep rate, lucl, for a few parts of steam boilers 
and turbines.

In creep analysis based on minimum creep rate, the fundamental 
equation of uni-axial stressed state of the material may be written 
as follows:

vc =  kon <  [vc] « ( 3 2 . 1 0 )

since
* =  v et p

From equation (32.10) we get:

M  =  =  (32.11)

The strength condition in terms of stresses may be written as fol­
lows:

=  (32.12)

B. It is implicit that in creep analysis from considerations of per­
missible deformation and permissible creep rate it is not enough to 
ensure that the creep deformation does not exceed a permissible value 
at a particular temperature during the whole service life of the ele­
ment. It is also essential to provide a certain safety factor against 
the occurrence of such a failure. Hence, points K\ and /C* (Fig. 466) 
on creep curves /, 2, and 3 corresponding to abscissas tpu and tp9f 
and ordinates lelx, (elj, and Ul9 must lie on the segments corresponding 
to the first and second stages of creep.

2t —asio
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special heat-resistant steels, which have poor tendency to creep; gener­
ally such parts fail after undergoing small deformation and the fail­
ure is brittle in nature. Consequently, in a majority of practical 
cases smoothening of the stresses does not occur and it is essential 
to account for stress concentration in creep design.

Therefore, while determining the long-term strength of heat resis­
tant steels, the possibility of stress concentration should be taken 
into account, i.e. the experiments for determining o0t should be 
conducted on specimens of corresponding shape.

If the elements of machines are subjected to the simultaneous 
action of fatigue and creep, then the long-term strength should be 
determined from fatigue test at the appropriate temperature. Thus, 
the following important cases may 
be distinguished while calculating 
the strength of elements of ma­
chines and structures working under 
high temperatures.

If the temperature is not high 
enough to cause creep (§ 193), the 
critical state is determined by the 
yield stress or ultimate strength 
of the material at the given temper­
ature, obtained by the usual tests.
The strength condition is:

G � � 	 � � �/?��/;

If creep is possible at the given F,g* 468
temperature (see § 193), then the
first thing to do is to establish which of the permissible stresses is 
maximum for the total service life tp of the element: the permissible 
stress from considerations of total creep deformation (tree) or minimum 
creep rate (om), or the permissible stress from considerations of
long-term strength [orai1 = ^ ,  where k t is the long-term safety

-  riv
factor, which may be considered approximately equal to the usual
safety factor k  (Fig. 468).

If [a)=ac (Ocs, o j c t a j ,  zone A in Fig. 468, the creep design 
should be carried out according to formulas (32.4), (32.9), (32.10) 
or (32.12). If, on the other hand, l<x]=ac>  [crotJ. zone B in Fig. 468, 
then creep design should be based on the formula

(32.14)

If the elements experience after-effect, then care should be taken 
that the interference fit between them does not loosen beyond a per-

21*
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For simplification, the relatively small rate of growth of the elastic 
deformation may be neglected in comparison with the large rate of 
growth of creep deformation. The exact solution, with vr̂ =0, is much 
more difficult. Besides, neglecting the zone of unstable creep and 
assuming that vc—kxn, we get

wherefrom

where

® - ( t = & )*  <b>
The condition representing the equality of the moments of external 
(torque) and internal forces about the shaft axis may be written as 
follows:

r r i
M  =  M t — � : ��C� d A � � � ��� & C 9 C �D C �$ ���+E� : �C ��� # � D C �

a o o
where r is the shaft radius. By introducing the notation

we may write
<D =  i k

J  p C
(c)

and taking into account expression (a)

X - ^C
We see that the distribution of shearing stresses of creep over the 
cross section of the shaft is not linear.

Substituting in the expression for J pe� the values r= l.2cm  and n=5t 
we obtain:

.2^ r “ =  1.964x l.2 3-2 =3.52 cm32 

The shearing stresses at a distance p from the shaft are:
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It can be easily seen that on account of creep the angle of twist In­
creased almost 16-fold as compared to the angle of twist under pure 
torsion (first term of the above result). Hence, the decrease of maxi­
mum shearing stress in the shaft does not mean that its working 
conditions improve due to creep.

Example 3. A 50-cm long simply supported beam 20 mm by 40 mm 
is acted upon at the middle of its span by a concentrated force

%lgf/wz
0 WO 1/90 BOO 800 ■ —■ ■ ■ ■ ■ ■ ■ ■

— ■//’•00m

—>1 b*20m  

Fig. 470

—400 kgf (Fig. 470) works at T=500°C. The beam is made of mild 
steel having modulus of elasticity £= 1 .6  X 10® kgf/crn* (at 7'=500°Q. 
The stable creep rate is v e= k a n, and at T =5(XrC

fe= 1 .5 x l0 -ls ( ~ ! ) " h r - ‘ and n = 3

Neglecting the zone of unstable creep, find the distribution of nor­
mal stresses in the critical section and determine the maximum de­
flection of the beam after 10 000 hours of loading.

Solution. While solving this problem we shall neglect the effect 
of shearing stresses and assume that the hypothesis of plane sections 
under bending remains valid in creep too (this assumption agrees 
quite well with the experimental results). Assuming that the defor­
mation of the beam’s fibres follows the same law in the stretched and 
compressed zones, we may express the strain of a fibre at a distance y
by the relation (§ 63) e = ip  where p is the radius of curvature of the
neutral surface of the beam.

In the loaded state the deformation of the beam fibres increases 
gradually on account of creep of the beam’s material; the radius 
of curvature of the neutral surface also increases. The total relative 
deformation of an arbitrary fibre may be represented as the sum of 
elastic and creep strains, i.e. e= e<l+ e c. The rate of change of totat
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The maximum deflection occurs in the section where x= lf2; we get
/ d y \ _______/?/»•*a kP»if" ' 5
{dl /  m ax 2" + - {n +  2) "  (/j +  2) 2*‘" 4n

Integrating w.r.t. i, we obtain

Urn
kpnin+i

ax («+2>2*M1+,,y» 

integ

{/m ax =  (//m »x^ e

t + H

where H is the constant of integration. Since at /= 0
Pi*

48 C J g  

Pi*
we have

H =  ({/max̂ tf =  48 EJt

The maximum deflection due to creep may therefore be written as
p p  kPnin+%

{/m ax 48£/z ( r t f  2)2,<"+ '>./£
f Mt3 2X 4s 

~  12 ~  12 ■ =  10.67 cm4

and
I I 400X503 , 1.5Xlft-»X400»X60»+a tAf>nA
I {/in ax I =  48 X1.6 X 10° X10 67 8.641' (3-f-2jX22<a*•>

=  0.0611 -f 0.3634 =  0.425 cm

Under creep, the maximum load on the beam should be determined 
from consideration of permissible deformation. If, for instance, the 
maximum deflection of the rectangular beam should not exceed 1/600 
of its length (0.1 cm) after 10 000 hours of operation, then the maxi­
mum permissible load may be calculated from the condition

PP , kPnln+z 
4&n~t 'T'(n+2)22i»+l)J%! L/J

Substituting the numerical values, we get
5(P P  , 1 5 x  10- wXf»0», A nnn D, ^  n  i

4*X10.67X1.6xT6*‘+  5X8.643X2* 10000P ^ 0 l

or
P -f0.2326P»x 10-5 <  40.96

wherefrom
/>^40.8  kgf«  40 kgf



(cm 4)

198
350
572
873

1290
1430
1840
2030
2550
2790
3460
3800
5010
5500
7080
7780
9840

13380
19062
27696
39727
55962
76806

Appendix

Tabulated v a lu es about, axes

x-x u-y

wx J y WU
(CIU*) icui) (cm') (era4) (cm 1)

39.7 
58.4
81.7

109.0
143.0
159.0
184.0
203.0
232.0
254.0
289.0
317.0
371.0
407.0
472.0
518.0
597.0
743.0
953.0

1231.0
1589.0
2035.0
2560.0

4.06
4.88
5.73
6.57
7.42
7.51
8.28
8.37
9.13
9.22
9.97

10.10
11.20
11.30
12.30
12.50
13.50 
14.70 
16.20 
18.10
19.90 
21.80
23.60

23.0
33.7
46.8
62.3
81.4
89.8

104.0
114.0
131.0
143.0
163.0
178.0
210.0
229.0
268.0
292.0
339.0
423.0
545.0 
708-0
919.0

1181.0
1491.0

17.9
27.9
41.9
58.6
82.6

114.0
115.0
155.0
157.0
206.0
198.0
260.0
260.0
337.0
337.0
436.0
419.0
516.0
667.0
808.0

1043.0
1356.0
1725.0

6.49
8.72

11.50
14.50 
18.40 
22.80
23.10 
28.20
28.60
34.30
34.50
41.60
41.50
50.00
49.90
60.10
59.90
71.10
86.10

101.00
123.00
151.00
182.00
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v a r ia b le  lo ad , re p e a te d  20  
v a r ia b le  s tre ss  675 
V eresh ch ag in ’s  m e th o d  349 
vesse l, th in -w a lle d  454 
v ib ra tio n s , a m p lif ic a tio n  fac to r of 539 

a m p litu d e  of 535 
forced 535  
n a tu ra l  535 

v o lu m e  force 19

w a rp in g  488 
w e ig h t, d ead  86 
w elded  beam  290 
w elded  jo in t  159 
w o rk , of e la s tic  d e fo rm a tio n  4 6  

specific  46 
w'ork h a rd e n in g  590

zero  base  cy c le  573 
Z h u ra v s k ii 's  fo rm u la  284


