
 

8. PROBLEMS FOR SELF-STUDY TRAINING 
 
 
8.1. Integration of Differential Equations of the Particle Motion under the 

Action of Constant Forces 
 
A body moves from the point A along a plane AB of length l during τ s. (Fig. 

103). Its initial velocity is ݒ஺. Coefficient of sliding friction is f. At the point B the 
body leaves a plane with a velocity ݒ஻ and then falls with a velocity ݒ஼ at a point C 
moving in the air T s.  

Determine specified quantities. Consider the body as a material particle 
neglecting the resistance of the air. 

 
 
Variants 1—5 (Fig. 103 , scheme 1).  
Variant 1. Given are: ߙ ൌ ஺ݒ ;30° ൌ 0; ݂ ൌ 0,2;  ݈ ൌ 10 ݉; ߚ  ൌ

60°. Determine ߬ and ݄. 
Variant 2. Given are: ߙ ൌ ஺ݒ ;15° ൌ ;ݏ/݉ 2  ݂ ൌ 0,2;  ݄  ൌ  4 ݉; ߚ  ൌ

 45°. Determine ݈ and equation of the path along  ВС. 
Variant 3. Given are: ߙ ൌ ஺ݒ ;30° ൌ ;ݏ/݉ 2,5  ݂ ്  0;  ݈ ൌ 8 ݉;  ݀ ൌ

10 ݉; ߚ  ൌ 60°. Determine ݒ஻ and ߬. 
Variant 4. Given are: ݒ஺  ൌ  0;  ߬ ൌ ;ݏ 2   ݈  ൌ  9,8 ݉; ߚ  ൌ 60°;  ݂ ൌ 0. 

Determine ߙ and  ܶ. 
Variant 5. Given are: ߙ ൌ ஺ݒ ;30°  ൌ 0;  ݈ ൌ  9,8 ݉;  ߬ ൌ ;ݏ 3  ߚ  ൌ 45°. 

Determine ݂ and  ݒ஼. 
 
Variants 6—10 (Fig. 103, scheme 2).  
Variant 6. Given are: ߙ ൌ 20°;  ݂ ൌ 0,1;  ߬ ൌ ;ݏ 0,2  ݄ ൌ 40 ݉; ߚ  ൌ 30°. 

Determine l and ݒ஼. 
Variant 7. Given are: ߙ ൌ 15°;  ݂ ൌ ஺ݒ ;0,1  ൌ ;ݏ/݉ 16   ݈ ൌ 5 ݉; ߚ  ൌ 45°. 

Determine ݒ஻ and ܶ. 
Variant 8. Given are: ݒ஺ ൌ ;ݏ/݉ 21  ݂ ൌ 0;  ߬ ൌ ;ݏ 0,3 ஻ݒ  ൌ 20݉/с; ߚ  ൌ 60°. 

Determine ߙ and ݀. 
Variant 9. Given are: ߙ ൌ 15°;  ߬ ൌ ;ݏ 0,3  ݂ ൌ 0,1;  ݄  ൌ  30√2 ݉; ߚ ൌ 45°.  

Determine ݒ஻ and ݒ஺. 
Variant 10. Given are: ߙ ൌ 15°;  ݂ ൌ ஺ݒ ;0 ൌ ;ݏ/݉ 12  ݀ ൌ 50 ݉; ߚ  ൌ 60°. 

Determine ߬ and equation of the path along ВС. 
 
Variants 11—15 (Fig. 103, scheme 3, ݂ ൌ 0, M is a mass of a body).  
Variant 11, Given are: ߙ ൌ 30°;  ܲ  ് 0;  ݈ ൌ ஺ݒ ;݉ 40 ൌ ஻ݒ ;0 ൌ 4,5 ݉/

;ݏ  ݀ ൌ 3 ݉. Determine ߬ and ݄. 
Variant 12. Given are: ߙ ൌ 30°;  ܲ ൌ 0;  ݈ ൌ ஻ݒ ;݉ 40 ൌ ;ݏ/݉ 4,5  ݄ ൌ 1,5 ݉. 

Determine ݒ஺ and ݀. 
Variant 13. Given are: ߙ ൌ 30°; ܯ  ൌ ஺ݒ ;݃݇ 400 ൌ 0;  ߬ ൌ ;ݏ 20  ݀ ൌ



 

3 ݉;  ݄ ൌ 1,5 ݉. Determine ܲ and   ݈. 
Variant 14. Given are: ߙ ൌ 30°; ܯ  ൌ 400 ݇݃;  ܲ ൌ ஺ݒ ;ܰ݇ 2,2 ൌ 0;  ݈ ൌ

40 ݉;  ݀ ൌ 5 ݉. Determine ݒ஻ and ݒ஼. 
Variant 15. Given are: ߙ ൌ ஺ݒ ;30° ൌ 0;  ܲ ൌ 2 ݇ܰ;  ݈ ൌ 50 ݉;  ݄ ൌ 2 ݉;  ݀ ൌ

4 ݉. Determine ܶ and M. 
Variants 16—20 (Fig. 103, scheme 4).  
 
Variant 16. Given are: ߙ ൌ ஺ݒ ;30° ൌ ;ݏ/݉ 1  ݈ ൌ 3 ݉;  ݂ ൌ 0,2;  ݀ ൌ 2,5 ݉. 

Determine ݄  and  ܶ. 
Variant 17. Given are: ߙ ൌ 45°;  ݈ ൌ ஻ݒ ;݉ 6 ൌ ;஺ݒ2  ߬ ൌ ;ݏ 1   ݄ ൌ 6 ݉. 

Determine ݀ and ݂. 
Variant 18. Given are: ߙ ൌ 30°;  ݈ ൌ ஺ݒ ;݉ 2 ൌ 0;  ݂ ൌ 0,1;  ݀ ൌ 3 ݉. 

Determine ݄ and ߬. 
Variant 19. Given are: ߙ ൌ 15°;  ݈ ൌ ஻ݒ ;݉ 3 ൌ ;ݏ/݉ 3 ݂ ്  0;  ߬ ൌ ;ݏ 1,5  ݀ ൌ

2 ݉. Determine ݒ஺ and ݄. 
Variant 20. Given are: ߙ ൌ ஺ݒ ;45° ൌ 0;  ݂ ൌ 0,3;  ݀ ൌ 2 ݉;  ݄ ൌ 4 ݉. 

Determine ݈ and ߬. 
 
Variants 21—25 (Fig. 103, scheme 5).  
Variant 21. Given are: ߙ ൌ 30°;  ݂ ൌ ஺ݒ ;0,1  ൌ ;ݏ/݉ 1  ߬ ൌ ;ݏ 1,5  ݄ ൌ 10 ݉. 

Determine ݒ஻  and ݀. 
Variant 22. Given are: ݒ஺ ൌ 0; ߙ  ൌ 45°;  ݈ ൌ 10 ݉;  ߬  ൌ  Determine ݂ and .ݏ 2

equation of the path along ВС. 
Variant 23. Given are: ݂ ൌ ஺ݒ ;0 ൌ 0;  ݈ ൌ 9,81 ݉;  ߬ ൌ ;ݏ 2  ݄ ൌ 20 ݉. 

Determine α and ܶ. 
Variant 24. Given are: ݒ஺ ൌ 0; ߙ  ൌ 30°;  ݂ ൌ  0,2;  ݈ ൌ 10 ݉;  ݀ ൌ 12 ݉. 

Determine ߬ and ݄. 
Variant 25. Given are: ݒ஺ ൌ 0; ߙ  ൌ 30°;  ݂ ൌ 0,2;  ݈ ൌ 6 ݉;  ݄ ൌ 4,5 ݉. 

Determine ߬ and ݒ஼. 
Variants 26—30 (Fig. 103, scheme 6).  
 
Variant 26. Given are: ݒ஺ ൌ ;ݏ/݉ 7  ݂ ൌ  0,2;  ݈ ൌ 8 ݉;  ݄ ൌ 20 ݉. Determine ݀ 

and  ݒ஼. 
Variant 27. Given are: ݒ஺ ൌ ;ݏ/݉ 4  ݂ ൌ 0,1;  ߬ ൌ ;ݏ 2  ݀ ൌ 2 ݉. Determine ݒ஻  

and ݄. 
Variant 28. Given are: ݒ஻ ൌ ;ݏ/݉ 3  ݂ ൌ 0,3;  ݈ ൌ 3 ݉;  ݄ ൌ 5 ݉. Determine ݒ஺ 

and ܶ. 
Variant 29. Given are: ݒ஺ ൌ ஻ݒ ;ݏ/݉ 3 ൌ ;ݏ/1݉  ݈ ൌ 2,5 ݉; ݄ ൌ 20 ݉. 

Determine ݂ and ݀. 
Variant 30. Given are: ݂ ൌ 0,25;  ݈ ൌ 4 ݉;  ݀ ൌ 3 ݉;  ݄ ൌ 5 ݉. Determine ݒ஺ 

and τ. 
  



 

 
Fig. 103 

  



 

Example 
In order to protect ditches from the slide-rocks there is a ledge DC in the railway 

rocky cuttings. Taking into account the 
possibility of the motion of a stone from the 
highest point A and assuming its initial velocity 
to be ݒ଴ ൌ 0, determine the minimal width of 
the ledge ܾ and falling velocity ݒ஼. The stone 
moves along a slope AB of length ݈ during ߬ ݏ. 
The angle ߙ is given. Coefficient of sliding 
friction ݂ is constant. Neglect the resistance of 
the air. 

Given are: ݒ஺ ൌ 0; ߙ  ൌ 60°;  ݈ ൌ
4 ݉;  ߬ ൌ ;ݏ 1  ݂ ് 0; ݄ ൌ 5 ݉; ߚ  ൌ 75°.  
Determine ܾ and ݒ஼ ൌ 0. 

Solution. Consider the motion of a stone 
along ܤܣ. Assuming the stone as a material 
particle, show all acting forces: weight ࡳ, 
normal reaction ࡺ and a force of sliding friction ࡲ. Work out deferential equation of 
motion of the stone on section ܤܣ ሺFig. 104ሻ: 

ଵሷݔ݉ ൌ ∑ ௜ܺଵ; ଵሷݔ݉         ൌ ܩ sin ߙ െ   .ܨ
The force of friction is 

ܨ ൌ ݂ܰ, 
where ܰ ൌ ܩ cos  .ߙ

Therefore, 
ଵሷݔ݉ ൌ ܩ sin ߙ െ ܩ݂ cos ଵሷݔ  or ߙ ൌ ݃ sin ߙ െ ݂݃ cos  .ߙ

Integrating this deferential equation twice, we obtain 
ଵሶݔ ൌ ݃ሺsin ߙ െ ݂ cos ݐሻߙ ൅  ;ଵܥ

ଵݔ ൌ ቈ
݃ሺsin ߙ െ ݂ cos ሻߙ

2
቉ ଶݐ ൅ ݐଵܥ ൅  .ଶܥ

In order to determine constants of integration, make use of initial conditions:  
at ݐ ൌ 0, ଵ଴ݔ ൌ 0 and   ݔଵ଴ሶ ൌ .כ0  

Compose equations by integrating, for ݐ ൌ 0:  
ଵ଴ሶݔ ൌ ଵ଴ݔ   ;ଵܥ ൌ  .ଶܥ

Determine constants: 
ଵܥ ൌ ଶܥ   ,0 ൌ 0. 

Then 

ଵሶݔ ൌ ݃ሺsin ߙ െ ݂ cos ଵݔ  ;ݐሻߙ ൌ ቈ
݃ሺsin ߙ െ ݂ cos ሻߙ

2
቉  .ଶݐ

For instant ߬, when the stone leaves rectilinear section, 
ଵሶݔ ൌ ଵݔ  ;஻ݒ ൌ ݈, 

i.e., 
஻ݒ ൌ ݃ሺsin ߙ െ ݂ cos  ;ሻ߬ߙ



 

݈ ൌ ቈ
݃ሺsin ߙ െ ݂ cos ሻߙ

2
቉ ߬ଶ, 

whence 
஻ݒ ൌ

ଶ௟
ఛ
,  

i.e., 

஻ݒ ൌ
ଶ·ସ
ଵ
ൌ 8݉ ⁄ݏ . 

Consider the motion of a stone on curvilinear section ܥܤ. There is only a force 
of weight ࡳ acting on a stone here. Derive deferential equations of its motion: 

ሷݔ݉ ൌ 0; ሷݕ݉    ൌ  .ܩ 
Initial conditions of the problem: at ݐ ൌ 0, 

଴ݔ ൌ ଴ݕ   ;0 ൌ 0; 
଴ሶݔ  ൌ   ஻ݒ cos ߙ ଴ሶݕ   ;  ൌ   ஻ݒ  sin ߙ . 

Integrating these deferential equations twice, we obtain  
ሶݔ ൌ Сଷ;   ݕሶ  ൌ  ݐ݃  ൅ ܥସ; 

 ݔ ൌ  ݐଷܥ  ൅ ܥହ;  ݕ    ൌ  ଶ/2ݐ݃  ൅ ܥସݐ  ൅  .଺ܥ
Write these equations for ݐ ൌ 0: 

଴ሶݔ ൌ Сଷ;   ݕ଴ሶ ൌ  ;ସܥ
଴ݔ  ൌ ଴ݕ   ;ହܥ   ൌ  .଺ܥ

Whence, 
ଷܥ ൌ ஻ݒ  cos ߙ ସܥ   ; ൌ ஻ݒ   sin ߙ ; 

ହܥ ൌ ଺ܥ   ;0 ൌ 0. 
Equations for the projections of velocity of a stone are 

ሶݔ ൌ ஻ݒ cos ߙ ሶݕ   ;  ൌ  ݐ݃  ൅ ݒ஻  sin  ,ߙ
and equations of its motion have the following form: 

 ݔ ൌ   ݐ஻ݒ cos ߙ ; ݕ    ൌ  ଶ/2ݐ݃ ൅ ݒ஻ݐ  sin  .ߙ
By excluding parameter t from equations of motion one can derive equation of 

the path of the stone. Determine t from the first equation and then substitute its value 
into the second one. We have  

ݕ ൌ ሻߙ஻ଶcosଶݒଶ/ሺ2ݔ݃  ൅  .ߙ݃ݐݔ 
At point C , ݕ ൌ ݄ ൌ 5 ݉, ݔ ൌ ݀. 
Determining ݀ from equation of the path we have 

݀ଵ  ൌ  2,11 ݉,     ݀ଶ ൌ െ7,75 ݉. 
Since equation of the path is a branch of parabola with positive abscissas of its 

points, then  ݀ ൌ 2,11 ݉. The minimal width CD is 
ܾ  ൌ  ݀ െ  ܦܧ ൌ  ݀ െ ݄/tg75°,    or ܾ  ൌ  0,77 ݉. 

By making use of equation of motion ݔ ൌ  we determine the time T of ,ߙcos ݐ஻ݒ 
motion of the stone from the point В to the point С: 



 

ܶ ൌ  .ݏ 0,53
Velocity of the stone at the point C may be determined by calculating their 

projections on coordinate axes 
ሶݔ ൌ ஻ݒ cos ߙ ሶݕ   ;  ൌ  ݐ݃  ൅ ݒ஻  sin  .ߙ

Finally we have 
 ݒ ൌ  ඥݔሶ ଶ ൅ ሶݕ ଶ. 

For instant, when the stone is at the point C, we have  ݐ  ൌ  ܶ ൌ  and ݏ 0,53 

஼ݒ ൌ  ඥሺݒ஻ cos ሻଶߙ ൅ ሺ݃ܶ  ൅ ݒ஻  sin ஼ݒ ሻଶ, orߙ ൌ 12,8 ݉/s. 
* The constants of integration ܥଵ െ  ଺  can be determined by considering initialܥ

conditions for the first and the second sections of the motion. Nevertheless, 
sometimes it is easier to use boundary conditions for different instants. 

 

8.2. Application of the Theorem of the Change in Kinetic Energy to Study 
of the Motion of a System 

Mechanical system starts moving from the state of rest under the action of the 
forces of weight; initial state of the system is shown in Figs. 106-108. Determine 
acceleration of a body 1 and its velocity when it has travelled a distance s. Take into 
account a force of sliding friction (variants 1-3, 5, 6, 8-12, 17—23, 28-30) and the 
rolling friction of a body 3 (variants 2, 4, 6-9, 11, 13-15, 20, 21, 24, 27, 29). Neglect 
other forces of resistance and masses of the strings. Assume the strings as 
inextensible. Make use of the following designations: ݉ଵ,݉ଶ,݉ଷ,݉ସ are the masses 
of the bodies 1, 2, 3, 4; ܴଶ, ,ଶݎ ܴଷ, ,ଷ— radii of respective circumferences; ݅ଶݎ  ݅ଷ—  
radii of gyration of the bodies 2 and 3 with respect to axes perpendicular to the plane 
of figure trough their centers of gravity; ߙ,  angles of inclination of planes to  —ߚ
horizon; f—coefficient of sliding friction; δ — coefficient of rolling friction.  

The necessary data are represented in tab.1. Assume pulleys and blocks for 
which the radii of gyration are not given as homogeneous disks. Inclined strings are 
parallel to respective inclined planes. 

Example. Given are: ݉ଵ is a mass of the weight 1, ݉ଶ ൌ  2݉ଵ,  ݉ଷ  ൌ
 ݉ଵ,  ݉ସ  ൌ  0,5݉ଵ, ݉ହ ൌ  20݉ଵ,  ܴଶ  ൌ  ܴଷ  ൌ  12 ܿ݉, ଶݎ  ൌ  0,5ܴଶ, ଷݎ  ൌ
 0,75ܴଷ,  ܴହ  ൌ  20 ܿ݉,  ܤܣ ൌ  ݈ ൌ  4ܴଷ,  ݅ଶ  ൌ  8 ܿ݉, ݅ଷ, ൌ  10 ܿ݉,  ߙ ൌ  30°, ݂ ൌ
 0,1,  ߜ ൌ  0,2 ܿ݉,  ݏ ൌ  .݉ ߨ0,06 

Neglect rolling friction of a body 2, masses of the link ܥܤହ and the slide B. 
Connecting rod 4 is a thin homogeneous rod. Roller 5 is a homogeneous solid 

cylinder. Initial state of a system is shown in Fig. 105a. 
Determine ݒଵ —velocity of the weight in a final position and its acceleration. 
Solution. Apply the theorem of the change in kinetic energy of a system: 

ܶ െ ଴ܶ ൌ ௜ாܣ∑ ൅ ௜ܣ∑
௃,  



 

where ܶ and  ଴ܶ are 
kinetic energy of a 
system in a final and 
initial position; ∑ܣ௜ா 
is a sum of the work 
done by all the 
external forces acting 
on the system during 
its displacement from 
initial to final position; 
௜ܣ∑

௃ is a sum of the 
work done by all the 
internal forces in that 
displacement. 

For systems in 
question which consist 
of solids connected by 
inextensible thread 
and rods 

௜ܣ∑
௃ ൌ 0.  

Since the system 
in initial position is in 
a state of rest, ଴ܶ ൌ 0. 

Hence, we 
have ܶ ൌ  .௜ாܣ∑

In order to define kinetic energy ܶ  and the sum of the work done by all the 
external forces, depict the system in a final position (Fig. 105b,c).  

Write down relations between velocities and displacements of the points of a 
system. Express all velocities and displacements through velocity and displacement 
of the weight 1. 

Velocity of the center of mass of the roller 2 equals velocity of the weight 
஼ଶݒ:1 ൌ  .ଵݒ

The instantaneous center of zero velocity of the roller 2 is located at point  ଶܲ. Its 
angular velocity is 

߱ଶ ൌ
௩಴మ
஼మ௉మ

 or ߱ଶ ൌ
௩భ
ோమ
. 

Velocity of the point D is 
஽ݒ ൌ ߱ଶܦ ଶܲ, i.e, 
஽ݒ ൌ

௩భሺோమା௥మሻ
ோమ

.  
It is obvious that  ݒா ൌ ாݒ ஽. Butݒ ൌ ߱ଷݎଷ, hence, 

߱ଷݎଷ ൌ
௩భ
ோమ
ሺܴଶ ൅   .ଶሻݎ

Since ܴଶ ൌ  ଶ, thenݎ2



 

߱ଷݎଷ ൌ
ଷ
ଶ
  ,ଵݒ

whence ߱ଷ ൌ
ଷ
ଶ
௩భ
௥య
.  

Taking into account that 
߱ଷ ൌ

ௗఝయ
ௗ௧

, ଵݒ ൌ
ௗ௦
ௗ௧
,  

we have  
ௗఝయ
ௗ௧

ൌ ଷ
ଶ௥య

ௗ௦
ௗ௧
, or ݀߮ଷ ൌ

ଷ
ଶ௥య

 .ݏ݀
By integrating one can obtain 

߮ଷ ൌ
ଷ
ଶ
௦
௥య
.   

When the weight 1 travels a distance ݏ ൌ  the pulley 3 turns trough the ,݉ ߨ0,06
angle ߮ଷ: 

߮ଷ ൌ
ଷ
ଶ
௦
௥య
ൌ ଷ

ଶ
଴,଴଺గ
଴,଴ଽ

ൌ   .ߨ

At this angle of rotation of the pulley 3 on 180° its point ܣ଴ moves to the final 
location A, and connecting rod 4 moves from initial location ܣ଴ܤ଴ to the final 
location AB. 

The roller 5 moves to the left at the angle of rotation of the pulley 3 equal to ஠
ଶ
, 

and it moves to the right at the angle of rotation equal to ߨ. Hence, the final location 
of the roller 5 coincides with its initial location. 

Thus, the final location of all the parts of a system is defined completely (Fig. 
105b).  

Determine kinetic energy of a system in the final position as a sum of kinetic 
energy of the bodies 1, 2, 3, 4, 5: 

ܶ  ൌ   ଵܶ ൅ ଶܶ ൅ ଷܶ ൅ ସܶ ൅ ହܶ. 
Kinetic energy of the load 1, which is in translational motion, is 

ଵܶ ൌ
௠భ௩భమ

ଶ
.  

Kinetic energy of the roller 2, which is in a plane motion, is 

ଶܶ  ൌ
௠మ௩಴మ

మ

ଶ
൅ ௃మ഍ఠమ

మ

ଶ
,  

where ܬଶక is a moment of inertia of the roller 2 with respect to its longitudinal central 
axis  ܥଶక: 

ଶకܬ ൌ ݉ଶ݅ଶଶ. 

Then we find 

ଶܶ  ൌ
௠మ௩భమ

ଶ
൅ ௠మ௜మమ

ଶோమమ
ଵଶݒ ൌ

ଵ
ଶ
݉ଶ ቀ1 ൅

௜మమ

ோమమ
ቁ   .ଵଶݒ

Kinetic energy of the body 3, which rotates around the axis Ох, is 

ଷܶ   ൌ
ଵ
ଶ
ଷ௫߱ଷܬ

ଶ,  
where ܬଷ௫ is a moment of inertia of the block 3 with respect to the axis Ох: 



 

ଷ௫ܬ  ൌ  ݉ଷ݅ଷଶ. 
Then for the body 3 we obtain 

ଷܶ ൌ
௠య௜యమ

ଶ
ቀଷ
ଶ
௩భ
௥య 
ቁ
ଶ
ൌ ଽ

଼
 ݉ଷ

௜యమ

௥యమ
  .ଵଶݒ

Kinetic energy of the connecting rod 4, which is in a plane motion, is 

ସܶ ൌ
௠ర௩಴ర

మ

ଶ
൅ ௃ర഍ఠర

మ

ଶ
,  

where ݒ஼ସ is a velocity of the center of mass of the connecting rod 4; ܬସక is its 
moment of inertia with respect to the central axis ܥସక. 

In order to determine ݒ஼ସ and ߱ସ, find location of the instantaneous center of 
zero velocity of the connecting rod 4. Since points A and B at this instant are parallel, 
the instantaneous center of zero velocity of the connecting rod 4 lies in infinity. 
Hence, its angular velocity at the given instant is ߱ସ ൌ 0, and velocities of all the 
points are parallel and equal. Thus, kinetic energy of the connecting rod 4 is 

ସܶ   ൌ
௠ర௩಴ర

మ

ଶ
,  

where ݒ஼ସ ൌ  .஺ݒ
Linear velocity of the point A of the body 3 is 

஺ݒ ൌ ߱ଷܴଷ, or  ݒ஺ ൌ
ଷ
ଶ
ܴଷݒଵ/ݎଷ.  

Since ݎଷ  ൌ  3/4ܴଷ , we have ݒ஺ ൌ  .ଵݒ2
But ݒ஼ସ ൌ ஼ସݒ      ,஺ݒ ൌ  .ଵݒ2
So, the expression for kinetic energy of the connecting rod 4 has the following 

form: 

ସܶ  ൌ
ଵ
ଶ
݉ସሺ2ݒଵሻଶ  ൌ  2݉ସݒଵଶ.  

Kinetic energy of the roller 5, which is in a plane motion, is 

ହܶ  ൌ
 ௠ఱ௩಴ఱ

మ

ଶ
 ൅ ௃ఱ഍ఠఱ

మ

ଶ
,  

where ݒ஼ହ is a velocity of the center of mass ܥହ of the roller  5; ܬହక —  its moment of 
inertia (as a homogeneous solid cylinder) with respect to its longitudinal central axis 
,ହకܥ ହకܬ  ൌ

௠ఱோఱమ

ଶ
; ߱ହ — its angular velocity. 

Since the roller moves without slipping, its instantaneous center of zero velocity 
is at point ହܲ. Then 

߱ହ ൌ
௩಴ఱ
ோఱ
.  

Hence,  

ହܶ  ൌ
 ௠ఱ௩಴ఱ

మ

ଶ
 ൅ ௠ఱோఱమ௩಴ఱ

మ

ଶ·ଶோఱమ
ൌ ଷ

ସ
 ݉ହݒ஼ହଶ .  

As far as the link ܥܤହ is in a plane motion, ݒ஼ହ ൌ ஻ݒ ஻. Butݒ ൌ ஼ସݒ ൌ  ଵ, thenݒ2
஼ହݒ ൌ  .ଵݒ2

Therefore, kinetic energy of the roller 5 is 



 

ହܶ  ൌ
ଷ
ସ
 ݉ହሺ2ݒଵሻଶ ൌ 3݉ହݒଵଶ.  

The total kinetic energy of the system will be 

ܶ ൌ ௠భ௩భమ

ଶ
 ൅ ݉ଶሺ1 ൅ ݅ଶଶ/ܴଶଶሻݒଵଶ/2  ൅ 

ଽ
଼
 ݉ଷݒଵଶ݅ଷଶ/ݎଷଶ  ൅  2݉ସݒଵଶ ൅  3݉ହݒଵଶ.  

Substituting values of the given masses, we obtain 

ܶ ൌ ݉ଵݒଵଶ ሾ1 ൅ 2ሺ1 ൅ ݅ଶଶ/ܴଶଶሻ ൅ 
9
4
 ݅ଷଶ/ݎଷଶ  ൅  2 ൅  120ሿ/2, or  

ܶ ൌ 129݉ଵݒଵଶ/2. 
Define the sum of the work done by all the external forces acting on a system in 

its specified displacement. Depict all the external forces (Fig. 105c). 
Work done by the weight ࡳଵ is 

భீܣ  ൌ ଵ݄ଵܩ  ൌ  ݉ଵ݃ݏ sinߙ. 
Work done by frictional force ࡲ௙௥ is 

ி೑ೝܣ ൌ െܨ௙௥рݏ. 
As far as ܨ௙௥ ൌ  ݂ ଵܰ ൌ  then ,ߙଵ cosܩ݂ 

ி೑ೝܣ ൌ െ݂݉ଵ݃ݏcosߙ. 

Work done by the weight ࡳଶ is 
మீܣ  ൌ ଶ ݄஼ଶܩ  ൌ  ݉ଶ݃ݏsinߙ. 

Work done by forces of traction ࡲ஼ଶ,  ஼ହ  of the rollers 2 and 5 is zero sinceࡲ
these forces are applied at their instantaneous centers of zero velocity. 

Work done by the weight ࡳସ is 

రீܣ ൌ  ,ସ݄஼ସܩ
where ݄஼ସ is a vertical displacement of the center of gravity ܥସ of the connecting rod 
4 from initial location to its final position (Fig. 105d): 

݄஼ସ ൌ ܴଷ, ீܣర ൌ ݉ସܴ݃ଷ. 

Work done by the rolling friction of the roller 5 is 

ெ಴ܣ ൌ  െܯ஼߮ହ, 

where ܯ஼ ൌ ߜ ହܰ ൌ  ହ is a moment of a couple of the resisting forces to rolling ofܩߜ
the roller 5; ߮ହ is an angle of its rotation. 

Since roller 5 moves without slipping, angle of its rotation is 

߮ହ ൌ    ,஼ହ/ܴହݏ
where ݏ஼ହ is a displacement of the center of gravity ܥହ of the roller 5. 

In this example the work of the mentioned couple is calculated as a sum of the 
work done by this couple at the rotation of the body 3 on the angle 2/ߨ to the left and 
when the body 3 turns on angle 2/ߨ to the right once more. 

The displacement of the center of gravity ܥହ of the roller 5 equals displacement 
of the slider В to the left and to the right: 



 

஼ହݏ ൌ  2ሺܤ଴ܤᇱሻ. 
Determine the displacement ܤ଴ܤᇱ at the rotation of body 3 on angle 2/ߨ. Choose 

fixed point K of the plane as a reference (Fig. 105d). At this rotation of the body 3 the 
connecting rod will move from position ܣ଴ܤ଴ to position ܤܭᇱ. Then 

ᇱܤ଴ܤ  ൌ ଴ܤܭ  െ  ,ᇱܤܭ
where ܤܭ଴ ൌ  ܱܭ  ൅ ଴ܤܱ   ൌ  ܴଷ  ൅ ඥሺܣ଴ܤ଴ሻଶ  െ ሺܣ଴ܱሻଶ  ൌ  ܴଷ  ൅  ඥ݈ଶ  െ ܴଷଶ, 

 Ԣܤܭ ൌ  ݈  ൌ  4ܴଷ. 
Hence, 

 Ԣܤ଴ܤ ൌ  ܴଷ  ൅ ඥ݈ଶ  െ ܴଷଶ െ ݈  ൌ  ܴଷ  ൅ ඥሺ4ܴଷሻଶ  െ ܴଷଶ െ 4ܴଷ  ൌ  0,88ܴଷ.  
The total angle of rotation of the roller 5 is  

߮ହ ൌ 1,76ܴଷ/ܴହ. 
Then ܣெ಴  ൌ  െ݉ߜହ݃ · 1,76ܴଷ/ܴହ. 

The total sum of the work done by all the external forces is  

෍ܣ௜ா  ൌ  ݉ଵ݃ݏsinߙ —  ݂݉ଵ݃ݏcosߙ ൅ ݉ଶ݃ݏsinߙ ൅ ݉ସܴ݃ଷ െ ହ݃݉ߜ · 1,76ܴଷ/ܴହ. 

By substituting the given values of masses we obtain 

௜ாܣ∑  ൌ  ݉ଵ݃ݏሺsinߙ —  ݂cosߙ ൅ 2sinߙ ൅ ோయ
ଶ௦
െ ఋ·ଶ଴·ଵ,଻଺ோయ

ோఱ௦
ሻ  

or ∑ܣ௜ா ൌ 1,51݉ଵ݃ݏ. 
According to the theorem of the change in kinetic energy of a system equate the 

values ܶand ∑ܣ௜ா : 

129 · ௠భ௩భమ

ଶ
 ൌ 1,51݉ଵ݃ݏ,  

whence 
ଵݒ  ൌ  .ݏ/݉ 0,21 

In order to define acceleration of the weight, make use of the theorem in 
differential form:  

݀ܶ ൌ ∑݀   .௜ாܣ
Therefore, 

129 · ௠భ
ଶ
ଵݒଵ݀ݒ2 ൌ 1,51݉ଵ݃݀ݏ,  

whence   ௩భௗ௩భ
ௗ௦

ൌ ଵ,ହଵ
ଵଶଽ

݃ or ܽଵ ൌ 0,115 ݉ ଶൗݏ . 
  



 

 
 

Fig. 106 
  



 

 
 

Fig. 107 
  



 

 
 

Fig. 108 
 



 

 
 
 

Tab. 1 
Variant 
number 

(Fig.106-
108) 

݉ଵ ݉ଶ  ݉ଷ  ݉ସ ܴଶ ܴଷ ݅ଶ ݅ଷ ߙ  ߚ

݂ ߜ ,
ܿ݉

,ݏ
݉ Notes ݇݃  ܿ݉ ܿ݉  ݁݁ݎ݃݁݀

1  ݉ 4݉  1/5݉  4/3݉ െ െ െ െ െ 60  0,10 െ 2  
2  ݉ 1/2݉  1/3݉  െ െ 30 െ 20 30 45  0,22 0,20 2  
3  ݉ ݉  1/10݉  ݉ െ െ െ െ 45 െ  0,10 െ 2  

4  ݉ 2݉  40݉  ݉ 20 40 18 െ െ െ  െ 0,30 ߨ0,1 Neglect the masses of the 
slider В, links АВ and ВС 

5  ݉ 2݉  ݉  െ 20 15 18 െ 60 െ  0,12 െ ߨ0.28 Neglect the mass of the 
cage 

6  ݉ 3݉  ݉  െ െ 28 െ െ 30 45  0,10 0,28 1,5  
7  ݉ 2݉  2݉  െ 16 25 14 െ 30 െ  െ 0,20 2  
8  ݉ 1/2݉  1/3݉  െ െ 30 െ െ 30 45  0,15 0,20 1,75  
9  ݉ 2݉  9݉  െ െ 30 െ 20 30 െ  0,12 0,25 1,5  
10  ݉ 1/4݉  1/4݉  1/5݉ െ െ െ െ 60 െ  0,10 െ 3  
11  ݉ 1/2݉  1/4݉  െ െ 30 െ 25 30 45  0,17 0,20 2,5  
12  ݉ 1/2݉  1/5݉  ݉ 30 െ 20 െ 30 െ  0,20 െ 2,5  
13  ݉ 2݉  5݉  2݉ 30 20 26 െ 30 െ  െ 0,24 2  

14  ݉ 1/2݉  5݉  4݉ െ 25 െ െ െ െ  െ 0,20 2 The masses of all the 
wheels are equal 

15  ݉ 1/2݉  4݉  1/2݉ 20 15 18 െ 60 െ  െ 0,25 1,5  
  
 



 

Continuation of the tab. 1 
Variant 
number 

(Fig.106-
108) 

݉ଵ ݉ଶ  ݉ଷ  ݉ସ ܴଶ ܴଷ ݅ଶ ݅ଷ ߙ  ߚ
݂ ߜ ,

ܿ݉
,ݏ
݉ Notes 

 ݁݁ݎ݃݁݀ ݉ ݉ܿ ݃݇

16  ݉ 1/10݉  1/20݉ 1/10݉ 10 12 െ െ െ െ  െ െ ߨ0,05 Neglect the mass of the cage 
17  ݉ 1/4݉  1/5݉ 1/10݉ 20 െ 15 െ 60 െ  0,10 െ ߨ0,16 Consider connecting rod 3 as a 

thin homogeneous rod 
18  ݉ 3݉  ݉  െ 35 15 32 െ 60 െ  0,15 െ ߨ0,2 Neglect the mass of the cage 
19  ݉ 1/3݉  1/10݉ ݉ 24 െ 20 െ 60 െ  0,15 െ 1,5  
20  ݉ 2݉  20݉  െ 20 15 16 െ 30 0,10 0,20 ߨ0,2 Neglect the masses of the slider 

В, links АВ and ВС 
21  ݉ ݉  2݉  െ 20 20 16 െ 30 45  0,20 0,32 1,2  
22  ݉ 1/2݉  1/4݉ െ 20 10 െ െ 60 െ  0,17 െ ߨ0,1 Neglect the mass of the cage 
23  ݉ ݉  1/10݉ 4/5݉ 20 െ 18 െ 30 െ  0,10 െ 1  
24  ݉ 3݉  20݉  െ 20 30 18 െ െ െ  െ 0,60 ߨ0,08 Neglect the masses of the slider 

В, links АВ and ВС 
25  ݉ 1/3݉  1/4݉ െ 16 20 െ െ െ െ  െ െ ߨ0,04 Neglect the mass of the cage 

26  ݉ 1/2݉  ݉  1/3݉ 30 െ 20 െ െ െ  െ െ ߨ0,6 The masses and moments of 
inertia of pulleys 2 and 5 are equal. 

Consider connecting rod 3 as a 
thin homogeneous rod 

27  ݉ ݉  6݉  1/2݉ 20 20 16 െ 30 െ  െ 0,20 2  
28  ݉ 2݉  3݉  െ 20 െ 14 െ 60 െ  0,10 െ ߨ0,1 Consider connecting rod 3 as a 

thin homogeneous rod 
29  ݉ 1/4݉  1/8݉ െ െ 35 െ െ 15 30  0,20 0,20 2,4  
30  ݉ 1/2݉  3/10݉ 3/2݉ 26 20 20 18 30 െ  0,12 െ 2  
 



 

8.3. Application of Virtual Work Principle to the Static Problems 

Mechanisms are in a state of equilibrium. Their schemas are shown in Fig. 111-
113. The necessary data are given in tab. 2. By making use of virtual work principle 
determine quantity specified in table 2. Neglect the forces of resistance. Mechanisms  

are located in a vertical plane for variants 3, 6, 10, 14, 16, 18, 19, 25 and 30, the rest 
of mechanisms are in a horizontal plane. 

 
Example. Given are: ܳ ൌ 100 ܰ;  ܿ ൌ 5  ܰ ܿ݉ൗ ଵݎ ;  ൌ ଶݎ ;݉ܿ 20  ൌ

ଷݎ ;݉ܿ 40  ൌ  10 ܿ݉;  ܣܱ  ൌ  ݈  ൌ  50 ܿ݉;  ߙ  ൌ  30°;  ߚ  ൌ  90° (Fig. 109) 
Determine deformation of the spring ݄ in a state of equilibrium neglecting the 

weight of the links ОА and АВ. 
Solution. Mechanism is under the action of the following balanced force system: 

elastic force ࡳ  ,ࡲଵ െ weight of the shaft 1 with gear 2, ࡳଷ െ weight  of the gear 
ସࡳ ,3 െ weight of the slider ࡽ  ,ܤ െ 
weight of the load, and the reactions of 
constraints (supports) which are not 
shown in Fig. 109. 

Make up equation of virtual work 
principle taking into account that all 
constraints are ideal (6.6): 

௞௔ܣߜ∑ ൌ 0.  
There are following virtual 

displacements consistent with the 
constraints of mechanism in this 
problem: rotation of the shaft 1 with the 
gear 2 on angle ߮ߜଵ, rotation of the 
gear 3 on angle ߮ߜଷ and vertical 
translation of the load ݏߜொ. The slider B 
has a virtual displacement ݏߜ஻ (along 
piston rod guide), and point A has a 
displacement ݏߜ஺ (ݏߜ஺ is perpendicular to OA). Equation of the virtual work principle 
has a form: 

ொݏߜܳ  െ ஻ݏߜܨ   ൌ  0. 

Define virtual displacements relation. Since the load ܳ is fasten to inextensible 
string and there is no sliding between the string and the shaft, the displacement of the 
load ܳ equals the displacement of the points of the rim of the rod 1. Therefore, the 
angle of rotation of the shaft with gear 2 is 

ଵ߮ߜ  ൌ  .ଵݎ/ொݏߜ 
The displacement of the point К is 



 

ଵݏߜ  ൌ   ଵ߮ߜଶݎ  ൌ   ሺݎଶ/ݎଵሻݏߜொ. 

Since there is no sliding between the rods 2 and 3, the virtual displacements of 
their points of contact are equal and the angle of rotation of the gear 3 is 

ଷ߮ߜ ൌ ଷݎ/ଵݏߜ  ൌ   ሾݎଶ/ሺݎଵݎଷሻሿݏߜொ. 
The crankshaft OA is rigidly connected with the gear 3 and so 

஺ݏߜ ൌ ଷ߮ߜܣܱ  ൌ ሾݎଶ݈/ሺݎଵݎଷሻሿݏߜொ. 
In order to determine the dependency between virtual 

displacements ݏߜ஻  and ݏߜ஺, find the position of the instantaneous rotation center of 
the link AB, i.e., point P. 

Then 
஺ݏߜ /஻ݏߜ  ൌ ;ܣܲ/ܤܲ  ஻ݏߜ          ൌ   ሺܲܣܲ/ܤሻݏߜ஺. 

From the ∆ܤܲܣ 
ܣܲ/ܤܲ  ൌ  1/cos30°. 

Hence, 
஻ݏߜ  ൌ   ሾݎଶ݈/ሺݎଵݎଷ cos30°ሻሿݏߜொ. 

Elastic force of the spring is proportional to its deformation: ܨ ൌ ݄ܿ. Then from 
equation of the virtual work principle we have 

ொݏߜܳ െ  ݄ܿሾݎଶ݈/ሺݎଵݎଷcos30°ሻሿݏߜொ  ൌ  0, 
whence 

݄ ൌ ொ௥భ௥యୡ୭ୱଷ଴°
௖௥మ௟

;     ݄ ൌ 1,74 ܿ݉.  
Consequently the spring is compressed on 1,74 cm. 

Let us resolve this problem by 
composing equation of power which 
expresses virtual velocities principle:  

௜ࡼ∑   ·  ࢜௜ ൌ 0 or  
∑ ௜ܲݒ௜cos൫ࡼప , ࢜ప෣ ൯ ൌ 0, 

where ࡼ௜ are all the active forces 
applied to a system, ࢜௜ are velocities 
of their points of application. 

Give the shaft 1 with the gear 2 a 
virtual angular velocity ߱ଵିଶ around 
its axis of rotation, let it be clockwise 
(Fig.110). Then the load ܳ gets 
vertical velocity ݒொ. The gear 3 with 
rigidly connected crankshaft OA 
acquires angular velocity ߱ଷ around 
O. 

The link AB will have angular 
velocity߱஺஻ which can be represented around instantaneous velocity center P. This 
center is located at point of intersection of perpendiculars erected to velocities ࢜஺ 



 

and ࢜ ஻  (velocity ࢜஺ belonging to the crankshaft OA is perpendicular to OA, and 
velocity ࢜஻ belonging to the slider is parallel to the piston rod guide). 

Compose equation of virtual velocity principle: 
െܳݒொ  ൅ ஻ݒܨ   ൌ  0, or െܳݒொ  ൅ ஻ݒ݄ܿ   ൌ  0. 

There are three unknown quantities here: deformation of the spring ݄, velocities 
 .஻ݒ ொ andݒ

Velocity of the load equals velocities of the points of the rim since the string is 
inextensible, and so 

ொݒ ൌ ߱ଵିଶݎଵ. 
Velocities of the point of contact K of the gears 2 and 3 are 

௄ݒ ൌ ߱ଵିଶݎଶ,    ݒ௄ ൌ ߱ଷݎଷ. 
They are equal since there is no sliding between the gears. 
As far as a point A belongs simultaneously to the crankshaft OA and to the link 

AB, we have  
஺ݒ  ൌ ߱ଷ · ஺ݒ         ;ܣܱ ൌ ߱஺஻ ·  .ܲܣ

Velocity of the point B of the link АВ is 
஻ݒ ൌ ߱஺஻ ·  .ܲܤ

Therefore, 
߱ଵିଶݎଶ ൌ ߱ଷݎଷ;       ߱ଷ · ܣܱ ൌ ߱஺஻ ·  ,ܲܣ

whence  

߱ଷ ൌ
ఠభషమ௥మ
௥య

;    ߱஺஻ ൌ
ఠయ·ை஺
஺௉

ൌ ఠభషమ௥మ·ை஺
௥య·஺௉

.   

Then 

஻ݒ ൌ ߱஺஻ · ܲܤ ൌ
ఠభషమ௥మ·ை஺·஻௉

௥య·஺௉
.  

From the ∆ܤܲܣ 
ܲܣ ൌ ܲܤ · cos30°.  

So  

஻ݒ ൌ
߱ଵିଶݎଶ · ܣܱ
ଷcos30°ݎ

. 

Thus, equation of the virtual velocity principle acquires the following form: 
െܳ߱ଵିଶݎଵ  ൅  ݄ܿ ఠభషమ௥మ௟

௥యୡ୭ୱଷ଴°
 ൌ  0.  

Dividing this equation by ߱ଵିଶ, we find deformation of the spring 
݄ ൌ ொ௥భ௥యୡ୭ୱଷ଴°

௖௥మ௟
.  

  



 

 
 

Fig. 111 



 

 

Fig. 112 



 

 

Fig. 113 
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Notes 
ܳ  ܲ 

l ܱܣ ൌ 10 ܿ݉  െ െ 20 െ െ ܲ   

2 ଵܱܣ ൌ 20 ܿ݉  െ 100 െ െ െ  ܯ  

ଵݎ 3 ൌ 20 ܿ݉, ଶݎ ൌ 30 ܿ݉, 
ଷݎ ൌ 40 ܿ݉ 

െ െ 100 െ െ ܳ   

ܣܱ:ܥܱ 4 ൌ 4 ׷  5  െ 200 െ െ 4 ܿ   

ܣܱ 5 ൌ 100 ܿ݉  െ െ 10 െ െ ܲ   

ଵݎ 6 ൌ 15 ܿ݉, ଶݎ ൌ 50 ܿ݉, 
ଷݎ ൌ 20 ܿ݉, ଵܱܣ ൌ 80 ܿ݉ 

200 െ െ െ െ ܲ  Neglect 
the weight of 
the handle ଵܱܣ 

ܥܱ 7 ൌ  ܣܱ െ െ െ 10 3 ܲ  Spring is 
compressed 

ܥܱ 8 ൌ  ܥܣ െ 200 െ 10 2 ܳ  The same 

ܣܱ 9 ൌ 20 ܿ݉  200 െ െ െ െ  ܯ  

ଵݎ 10 ൌ 15 ܿ݉, ଶݎ ൌ 40 ܿ݉, 
ଷݎ ൌ 20 ܿ݉, ܣܱ

ൌ 100 ܿ݉ 

2
· 10ଷ

െ െ െ 4 ܿ  Neglect 
the weight of 
the handle ܱܣ 

ܣܱ 11 ൌ 20 ܿ݉  െ െ 300 െ െ ܲ   

12 ଵܱܦ ൌ 60 ܿ݉, ܣܱ
ൌ  20 ܿ݉ 

െ െ 100 െ െ ܲ   

ܣܱ 13 ൌ 40 ܿ݉  െ െ 200 െ െ ܲ   

ܤܱ 14 ൌ 2  ·  ܣܱ 20 െ െ 25 3 ܲ  Neglect 
the weight of 
 ;and OB ܣܱ

spring is 
stretched 

ܥܣ 15 ൌ ܥܱ ൌ  ܦܱ 3
· 10ଷ

െ െ 250 3 ܲ 
Spring is 

compressed 
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Notes 

 
 
 

ܳ  ܲ 

16 ݀ଵ ൌ 80 ܿ݉, ݀ଶ ൌ 25 ܿ݉,  
݈ଵ ൌ  100 ܿ݉, ݈ଶ ൌ  50 ܿ݉ 

5
· 10ଷ

െ െ 100 4 ܲ  Neglect the 
weight of ଵܱܣ and 
ܱଶܤ. Spring is
compressed 

ܣܱ 17 ൌ 20 ܿ݉  െ െ 200 െ െ ܲ   

ଵݎ 18 ൌ 20 ܿ݉, 
ଶݎ ൌ 30 ܿ݉ 

 

200 200 െ 100 െ ݄  ܲ — weight 
of the block of the 
radius ݎଶ 

ଵݎ 19 ൌ 20 ܿ݉, 
ଶݎ  ൌ 30 ܿ݉, ܣܱ ൌ 25 ܿ݉ 

െ െ 100 െ െ ܲ  Neglect the 
weight of the link 
АВ  

ܣܱ 20 ൌ ܤܣ ൌ ܥܣ ൌ 50 ܿ݉  50 100 െ െ െ  ܯ  

ܣܱ 21 ൌ ܤܣ ൌ ܥܣ ൌ ܥܦ ൌ 
ൌ 25 ܿ݉

െ 200 െ െ െ  ܯ  

ܣܱ 22 ൌ 40 ܿ݉  െ െ 400 െ െ ܲ   

ܥܱ 23 ൌ ܣ2ܱ ൌ 100 ܿ݉  െ 200 50 50 െ ݄   

ܦܣ 24 ൌ ܦܱ ൌ  ݉ܿܤܱ െ 250 െ 150 2,5 ܳ  Spring is 
compressed 

ܦܱ 25 ൌ ܤܦ ൌ  ܱܣ0,8 400 െ െ 120 3 ܲ  Neglect the 
weight of АО and 
ВО. Spring is 
stretched 

ܣܱ 26 ൌ 25ܿ݉  െ 500 120 — 2 ܿ  Spring is 
stretched 

ܤܱ 27 ൌ  ܤܣ െ െ െ 180 2 ܲ   

ܤܱ 28 ൌ ሺ5/4 ሻܱܣ  െ 450 െ െ െ ܳ   

ܱܣ 29 ൌ 30 ܿ݉, ܦܤ ൌ ଵܱܦ  െ െ 120 100 െ ݄   

ଵݎ 30 ൌ 15ܿ݉, ଶݎ ൌ 36 ܿ݉,  
ଷݎ ൌ 10 ܿ݉, ସݎ ൌ 20 ܿ݉ 

െ 600 െ െ െ ܳ   

  



 

8.4. Application of General Equation of Dynamics to Study of Motion of 
Mechanical System with One Degree of Freedom  

For the given mechanical system define accelerations of weights and a tension in 
threads to which weights are attached. Neglect mass of threads, friction of a rolling 
and force of resistance in bearings. The system moves from a state of rest. 

Variants of mechanical systems are shown in Fig. 116-118, and the necessary 
data are represented in tab.3. Radii of gyration are given with respect to central axes 
perpendicular to the plane of figure.  

Assume coefficient of friction identical both for body’s sliding along the plane 
and for braking shoe (variants 9—12). 

Assume pulleys and blocks for which the radii of gyration are not given as solid 
homogeneous disks. 

 
Example. It is given: ܩଵ ൌ ଶܩ   ൌ ଷܩ ;ܩ2   ൌ ସܩ    ൌ ;ܩ  ܴ  ൌ ଶ௫݅ ;ݎ2   ൌ

;2√ݎ   ݂  ൌ  0,2. 
The block 3 is solid homogeneous cylinder (Fig. 114). Define accelerations of 

weights 1 and 4 and tension of branches of a thread 1—2 and 3—4. 
Solution. Let us apply to the problem solution the general equation of dynamics. 

As the system starts moving from a state of rest, directions of accelerations of bodies 
correspond to directions of their motion. 

Whereas among the forces acting on bodies of system, there is a force of a 
friction, it is expedient to find a true direction of motion according to initial data in 
order to show correct direction of force of friction. 

 
If the direction of motion of system is chosen wrongly, required acceleration 

turns out with a sign«—». In this case it is necessary to change directions of force of 
friction and forces of inertia and to make corresponding corrections in the general 
equation of dynamics. 

In the given example motion of a system is that weight 1 falls. 
Let's show force system: a gravity ࡳଵ— load 1, ࡳଶ— the block 2, ࡳଷ— the 



 

block 3 and ࡳସ— load 4, and also ࡲ— force of a sliding friction of load 1 on an 
inclined plane (Fig. 114). 

Let's apply forces of inertia. Force of inertia of load 1 making translational 
motion with acceleration ࢇଵ is expressed by a vector 

ଵࢶ ൌ െ݉ଵࢇଵ. 
Inertial forces of the block 2 rotating around fixed axis with angular acceleration 

 ଶ are reduced to a couple. Its moment isߝ
ଶܯ
ః ൌ  .ଶߝଶ௫ܬ

Inertial forces of the block 3 making a plane motion are reduced to a force 
ଷࢶ ൌ െ݉ଷࢇଷ, 

where ࢇଷ — acceleration of the center of mass of the block 3, and to a couple of 
forces, which moment is 

ଷܯ
ః ൌ  ,ଷߝଷ௫ܬ

where ߝଷ — angular acceleration of the block. 
Inertial force of a load 4 making translational motion with acceleration ࢇସ is 

ସࢶ ൌ െ݉ସࢇସ. 
Let's give the system a virtual displacement to a direction of its true motion (Fig. 

114) (it is possible to give virtual displacement in the opposite direction). 
Writing the general equation of dynamics, we obtain 

ଵsin60°ݏߜଵܩ െ ଵݏߜܨ െ ଵݏߜଵߔ െ ଶܯ
ః߮ߜଶ െ ଷݏߜଷܩ െ ଷݏߜଷߔ െ ଷܯ

ః߮ߜଷ െ ସݏߜସܩ
െ ସݏߜସߔ ൌ  0, 

where ߮ߜଶ and ߮ߜଷ— angles of rotation of blocks 2 and 3. 
Relations between virtual displacements are the same, as for relations between 

corresponding velocities. 
Let's express velocities of the centers of mass and angular velocities of bodies of 

system as a function of velocity of a body 1. 
As is shown in Fig. 114, the instantaneous center of zero velocity of the block 3 

is on one vertical with the center of the block 2. Distance between the instantaneous 
center of zero velocity and the center of the block 3 is 

ܾ ൌ
Зݎ
2
 െ  ݎ  ൌ

ݎ
2
. 

Now we find 
߱ଶ ൌ ߱ଷ ൌ ܴ/ଵݒ ൌ ;ݎଵ/2ݒ
ଷݒ ൌ ସݒ ൌ ߱ଷܾ ൌ .ଵ/4ݒ

ൠ           

The same dependences are between virtual displacements 
ଶ߮ߜ ൌ ଷ߮ߜ ൌ ;ሻݎଵ/ሺ2ݏߜ
ଷݏߜ ൌ ସݏߜ ൌ .ଵ/4ݏߜ

ൠ  

General equation taking into account these formulas becomes 
 ଵsin60°ܩ െ  ܨ  െ ߔଵ  െ ܯଶ

ః/ሺ2ݎሻ  െ ܩଷ/4  െ ߔଷ/4  െ ܯଷ
ః/ሺ2ݎሻ െ ସ/4ܩ െ

 ସ/4ߔ ൌ  0.  



 

The same equation can be obtained, if to work out the equation of power, having 
gave system virtual velocities. The relationships resulted for the real velocities of 
bodies of system are the same, as for any virtual velocities. 

Considering that 
ଵܩ ൌ ଶܩ   ൌ  ܩ2  ൌ ଷܩ        ;2݉݃  ൌ ସܩ  ൌ  ܩ  ൌ  ݉݃, 

we have 

ە
ۖۖ
۔

ۖۖ
ۓ

 ܨ ൌ  °60ݏ݋ܿܩ݂  ൌ  ݂݉݃;
ଵߔ  ൌ  ݉ଵܽଵ  ൌ  2݉ܽଵ;

ଶః ܯ ൌ   ଶߝଶ௫ܬ  ൌ  ݉ଶ݅ଶ௫ଶ ଶߝ  ൌ ;ଶߝଶݎ4݉ 
ଷߔ ൌ  ݉ଷܽଷ  ൌ  ݉ܽଷ;

ଷః ܯ  ൌ   ଷߝଷ௫ܬ  ൌ   ሾ݉ଷሺ1,5ݎሻଶ/2ሿߝଷ  ൌ ;ଷ/8ߝଶݎ9݉ 
ସߔ  ൌ  ݉ସܽସ  ൌ  ݉ܽସ.

 

Dependences between accelerations are 
ଶߝ ൌ ଷߝ ൌ ܽଵ/ሺ2ݎሻ;
ܽଷ ൌ ܽସ ൌ ܽଵ/4.

ൠ    

Then we will obtain 
݃√3 െ ݂݃ െ 2ܽଵ െ ܽଵ െ ݃/4 െ ܽଵ/16  െ 9ܽଵ/32 െ ݃/4 െ ܽଵ/16 ൌ  0, 

whence 

ܽଵ ൌ
݃൫√3 െ ݂ െ 0,5൯

3,41
; ܽଵ ൌ ;ଶܿ݁ݏ/݉ 2,96

ܽସ ൌ
ܽଵ
4
; ܽସ ൌ .ଶܿ݁ݏ/݉ 0,74

 

In order to define tension in a thread 1—2, 
we will mentally cut this thread and replace its 
action on a load 2 by reaction ଵܶିଶ (Fig. 115).  

Then general equation of dynamics will be 
ଵsin60°ݏߜଵܩ െ ଵݏߜܨ െ ଵݏߜଵߔ െ ଵܶିଶݏߜଵ ൌ  0, 

whence ଵܶିଶ  ൌ  ଵsin60°ܩ  െ  ܨ  െ ߔଵ ൌ
 sin60°ܩ2  െ  cos60°݂ܩ2  െ  2ሺܩ/݃ሻܽଵ;   ଵܶିଶ  ൌ

 .ܩ0,93 
In order to define tension in a thread 3—4, we will mentally cut this thread and 

replace its action on a load 4 by reaction ଷܶିସ (Fig. 115).  
Without making the general equation of dynamics, on the basis of D’Alembert’s 

principle we have 
ଷܶିସ  ൌ ସܩ   ൅  Фସ  ൌ  ܩ  ൅ ሺܩ/݃ሻܽସ;         ଷܶିସ  ൌ  .ܩ1.08 

  



 

 
 

Fig. 116 
 



 

 
Fig. 117 

  



 

 
Fig. 118 
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Supplementary data 

 
 ଶܩ ଵܩ

 
 ଷܩ

 
 ସ ݅ଶ௫ܩ

 
݅ଷ௫ 

ܲ  
 

 ܩ 1  ܩ  ܩ3 െ  2 2√ݎ െ െ െ  
 ܩ 2  ܩ  ܩ െ  2 2√ݎ െ െ െ  
 ܩ3 3  ܩ  ܩ െ  2 2√ݎ െ െ 0,1  
 ܩ 4  ܩ  ܩ2 െ  െ െ െ െ 0,2 ଶݎ ൌ  ଷݎ
 ܩ2 5  ܩ  ܩ  ܩ 3 െ ݎ2 െ െ  
 ܩ2 6  ܩ  ܩ2 െ  3 െ ݎ2 െ 0,2  
 ܩ2 7  ܩ  ܩ2 െ  3 െ ݎ2 െ 0,2  
 ܩ2 8  ܩ  ܩ2 െ  3 െ ݎ2 െ 0,2  
 ܩ2 9  ܩ  ܩ2 െ  3 െ ݎ2 ܩ0,2 0,2  
 ܩ2 10  ܩ2  ܩ െ  4 െ 2ݎ 3/ܩ 0,4  
 ܩ2 11  ܩ  ܩ2  ܩ0,2 3 െ ݎ2 െ 0,2  
 ܩ2 12  ܩ  ܩ2  ܩ0,2 3 െ ݎ2 െ 0,2  
 ܩ4 13  ܩ2  ܩ  ܩ4 െ ଶ√2ݎ ଷ െݎ2 െ ଶݎ ൌ ଷ; ܴଶݎ2 ൌ ܴଷ 
14 െ   ܩ  ܩ  ܩ4 െ ଶ√2ݎ ܩଷ 8ݎ2 െ ଶݎ ൌ ଷ; ܴଷݎ2 ൌ 1,5ܴଶ

 ܩ4 15  ܩ  ܩ2  ܩ4 ଶ√2ݎ ଷݎ2 െ െ ଶݎ ൌ ଷ; ܴଷݎ2 ൌ 1,5ܴଶ
16 െ   ܩ  ܩ2  ܩ4 െ ଶ√2ݎ ଷݎ2 ܩ4 െ ଶݎ ൌ ଷ; ܴଷݎ2 ൌ 1,5ܴଶ
 ܩ2 17  ܩ  ܩ െ  2 2√ݎ െ െ 0,1  
 ܩ3 18  ܩ0,2  ܩ0,1  ܩ0,5 2 െ െ െ 0,4  
 ܩ4 19  ܩ0,3  ܩ0,2  ܩ3 3 ݎ1,2 ݎ2 െ 0,1 ଷݎ ൌ ଷܴ ;ݎ1,2 ൌ ଷݎ1,2
 ܩ4 20  ܩ0,2  ܩ0,1  ܩ3 2 2√ݎ ݎ1,6 െ 0,2 ଶݎ ൌ ଶܴ ;ݎ1,5 ൌ ଶݎ1,2
 ܩ5 21  ܩ0,1  ܩ0,2 െ  3 െ 2√ݎ ܩ െ  
 ܩ 22  ܩ0,2  ܩ0,3 െ  2 െ 2√ݎ ܩ െ  
 ܩ 23  ܩ0,2  ܩ0,1 െ  1,5 െ ݎ1,2 ܩ2 െ ܴଷ ൌ  ݎ1,2
 ܩ2 24  ܩ  ܩ  ܩ8 െ െ െ െ െ Masses of the 

wheels are equal 
 ܩ6 25  ܩ2  ܩ2  ܩ െ െ െ െ െ ଷݎ ൌ  ସݎ
 ܩ6 26  ܩ  ܩ2 െ  െ െ െ െ െ ଷݎ ൌ  ଶݎ
 ܩ 27  ܩ  ܩ  ܩ4 2 2√ݎ 2√ݎ െ െ  
 ܩ3 28  ܩ  ܩ െ  2 2√ݎ െ െ 0,1  
 ܩ6 29  ܩ3  ܩ  ܩ 2 െ 2√ݎ െ െ ݅ସ௫ ൌ ݅ଷ௫ 
 ܩ8 30  ܩ  ܩ  ܩ2 െ െ െ െ 0,1  

 
 

  



 

8.5. Research of Free Vibrations of Mechanical Systems with One Degree 
of Freedom 

 
Define frequency and period of small free vibrations of mechanical system 

with one degree of freedom neglecting forces of resistance and masses of threads. 
Derive the equation of motion of a load 1, ݕ ൌ  ሻ, having accepted forݐሺݕ

origin position of rest of a load 1 (at a static elongation of springs). Determine also 
amplitude of vibrations of a load 1. 

Schemes of systems are shown in Fig. 120—122 , and the necessary data are 
represented in tab. 4. 

In the problem following designations are accepted: 1 is a load of mass m1; 2 
is a block of mass m2 and radius r2 (a solid homogeneous disk); 3 is a block of 
mass m3 and gyration radius ݅௫; 4 is a solid homogeneous disk of mass m4 and 
radius r4; 5 is a disk of mass m5 and gyration radius ݅௫ᇱ ; 6 is a thin homogeneous 
rod of mass m6 and length l; 7 is a rod, which mass is neglected; c is a spring 
stiffness factor; y0 is an initial deflection of a load 1 on a vertical from position of 
the rest corresponding to a static elongation of a spring; ݕሶ଴ is a projection of initial 
speed ࢜૙ of a load 1 on a vertical axis. 

In Fig. 120—122 systems of bodies 1—7 are represented in rest position (at a 
static elongation of springs). 

In variants 5, 6, 14 and 23 rod 6 is rigidly connected to a disk 4. 
Example. It is given: ݉ଵ ൌ 1݇݃; ݉ଶ ൌ 2݇݃;  ݉ସ ൌ 1݇݃;  ݉଺ ൌ 3݇݃; 

݈ ൌ 0,6 ݉;  ܿ ൌ 20ܰ ܿ݉ൗ ; ሶݕ
଴ ൌ ሶ଴ݕ ;݉ܿ 0,2 ൌ   .(Fig. 119) ܿ݁ݏ/8ܿ݉

Define cyclic frequency ݇, the period ܶ of small free vibrations of system, 
amplitude ܽ and derive equation of motion of load 1  

Solution. We will take advantage of the Lagrange’s equations for conservative 
systems. Having accepted for system generalized coordinate a vertical deflection у 
of the weight 1 from the rest position, which corresponds to the static deflection of 
a spring, we have 

݀
ݐ݀
൬
߲ܶ
ሶݕ߲
൰ െ ൬

߲ܶ
ݕ߲
൰ ൌ െ

߲П
ݕ߲
, 

where Т is a system kinetic energy; П is a system potential energy. 

Let's calculate kinetic energy ܶ with the second order infinitesimal accuracy 
relatively ݕሶ , and potential energy П define with the second order infinitesimal 
accuracy relatively generalized coordinate ݕ. Determine a kinetic energy of the 
system as a sum of kinetic energy of bodies 1, 2, 6 and 4: 

ܶ ൌ ଵܶ ൅ ଶܶ ൅ ଺ܶ ൅ ସܶ. 

Let's express velocity of the centre of mass of a body 4 and angular velocities 
of bodies 2, 4 and 6 as a function of the generalized velocity ݕሶ : 



 

 

ଵݒ ൌ ሶݕ ;  ߱ଶ ൌ ሶݕ ⁄ଶݎ ;   ߱଺ ൌ ߱ଶ ൌ ሶݕ ⁄ଶݎ . 
As we consider small oscillations, then ݒ஻ ൌ  ,஺. Disk 4 rolls without slidingݒ

so ݒ஼ ൌ ஻ݒ 2⁄ . Hence, 
஼ݒ ൌ ஺ݒ 2⁄ ൌ ߱଺݈ 2⁄ ൌ ߱ଶ݈ 2⁄ ൌ ሶݕ ݈ ሺ2ݎଶሻ⁄ ൌ ሶݕ2 ; 

߱ସ ൌ ஼ݒ ⁄ସݎ ൌ ሶݕ2 ⁄ସݎ . 
Moment of inertia of the body 4 with respect to the central axis is 

஼ܬ ൌ ݉ସݎସଶ 2⁄ . 
Moments of inertia of bodies 2 and 6 with respect to rotation axis are 

ଶܬ ൌ ݉ଶݎଶଶ 2⁄ ଺ܬ  ; ൌ ݉଺݈ଶ 3⁄ . 
Kinetic energy of bodies 1, 2, 4 and 6 is: 

ଵܶ ൌ
௠భ௩భమ

ଶ
ൌ ௠భ௬ሶ మ

ଶ
;  ଶܶ ൌ

௃మఠమ
మ

ଶ
ൌ ௠మ௬ሶ మ

ସ
; 

ସܶ ൌ
௠ర௩಴

మ

ଶ
൅ ௃಴ఠర

మ

ଶ
ൌ 3݉ସݕሶ ଶ;  ଺ܶ ൌ

௃లఠల
మ

ଶ
ൌ ଼௠ల௬ሶ మ

ଷ
. 

Thus, kinetic energy of a system is  
ܶ  ൌ ଵܶ ൅ ଶܶ ൅ ଺ܶ ൅ ସܶ ൌ ݉ଵݕሶ ଶ 2⁄ ൅ ݉ଶݕሶ ଶ 4⁄ ൅ 8 3݉଺ݕሶ ଶ ൅ 3݉ସݕሶ ଶ⁄

ൌ 1 2ሾ݉ଵ ൅ ݉ଶ 2⁄ ൅ 16 3݉଺ ൅ 6݉ସ⁄ ሿ⁄ ሶݕ ଶ. 
Let's calculate a potential energy of a system which equals work of its gravity 

force and work of elastic force of a spring on a displacement from a deflected 
location, when load has coordinate y, to zero position which is a position of rest of 
a system: 

П  ൌ П୍ ൅ П୍୍. 
Potential energy corresponding to gravity forces on mentioned displacement 

is 
Пଵ ൌ െܩଵݕ  െ  ,଺݄ܩ

where h is a vertical displacement of a center of mass of  rod 6, which is computed 
with the second order infinitesimal accuracy relatively generalized coordinate ݕ.  

It follows from Fig. 119 
݄  ൌ ݈ 2⁄ െ ሺ݈ 2⁄ ሻ cos߮ ൌ ሺ݈ 2⁄ ሻሺ1 െ cos߮ሻ. 

Decomposition formula for cos߮ is 
cos߮ ൌ 1 െ ߮ଶ 2!⁄ ൅ ߮ସ 4!⁄ െ  ڮ

Restricting this formula by the two first members and considering that 
߮  ൌ ݕ ⁄ଶݎ ൌ ݕ4 ݈⁄ , 



 

we have 
П୍ ൌ െܩଵݕ  െ ଺ܩ ڄ ଶݕ4 ݈⁄ . 

The potential energy of the deformed spring is 
П୍୍ ൌ ܿ ሺ ௦݂௧ ൅ λ௄ሻଶ 2⁄ െ ܿ ௦݂௧

ଶ 2⁄ , 
where ௦݂௧ is a static deflection of a spring; λ௄ is a displacement of a point of an 
attachment of a spring ܭ corresponding to coordinate у.  

As, (Fig. 119), 
λ௄
ݕ
ൌ
3 4݈⁄
1 4݈⁄ , 

i.e., λ௄ ൌ  then ,ݕ3

П୍୍ ൌ
ܿሺ ௦݂௧ ൅ λ௄ሻଶ

2
െ
с ௦݂௧

ଶ

2
ൌ 3 ௦݂௧ݕ ൅

9
2
 .ଶݕܿ

System potential energy is 
П  ൌ П୍ ൅ П୍୍ ൌ െܩଵݕ  െ ሺ4ܩ଺ ݈⁄ ሻݕଶ ൅ 3ܿ ௦݂௧ݕ  ൅ 9 ⁄ଶݕ2ܿ . 

Since in the position of rest corresponding to a static elongation of a spring 
ሺ߲П ⁄ݕ߲ ሻ௬ୀ଴ ൌ 0, 

then 
െܩଵ ൅ 3ܿ с݂т ൌ 0. 

This equation can be obtained also having worked out the equation of 
moments of forces for the state of static equilibrium of system (Fig. 119): 

෍ܯ௜଴ଶ ൌ ଴ܲ ڄ 3 4݈⁄ െ ଶݎଵܩ ൌ 0, 
or 

ܿ ௦݂௧ ڄ 3 4݈⁄ െ ଵ݈ܩ 4⁄ ൌ 0, i. e. , 3ܿ ௦݂௧ െ ଵܩ ൌ 0. 
Thus, potential energy of considered mechanical systems is 

П  ൌ 9 2сݕଶ⁄ െ
଺ܩ4
݈
ଶݕ ൌ 1 2⁄ ൬9ܥ  െ

଺ܩ8
݈
൰  .ଶݕ

Further, 
݀
ݐ݀
൬
߲ܶ
ሶݕ߲
൰ ൌ ൬݉ଵ ൅

݉ଶ

2
൅
16
3
݉଺ ൅ 6݉ସ൰ ሷݕ ; 

߲ܶ
ݕ߲

ൌ 0; 
߲П
ݕ߲

ൌ ൬9ܥ  െ
଺ܩ8
݈
൰  .ݕ

The Lagrange’s equation takes a form 

൬݉ଵ ൅
݉ଶ

2
൅
16
3
݉଺ ൅ 6݉ସ൰ ሷݕ ൅ ൬9ܥ  െ

଺ܩ8
݈
൰ ݕ ൌ 0, 

or 

ሷݕ ൅
 ܥ9 െ ଺ܩ8 ݈⁄

݉ଵ ൅ ݉ଶ 2⁄ ൅ 16݉଺ 3⁄ ൅ 6݉ସ
ݕ ൌ 0. 

Let's introduce designation 

݇ଶ ൌ
 ܥ9 െ ଺ܩ8 ݈⁄

݉ଵ ൅ ݉ଶ 2⁄ ൅ 16݉଺ 3⁄ ൅ 6݉ସ
. 

Then we shall have the following equation: 
ሷݕ ൅ ݇ଶݕ ൌ 0. 

Hence, cyclic frequency of free vibrations is 



 

݇  ൌ ඨ
 ܥ9 െ ଺ܩ8 ݈⁄

݉ଵ ൅ ݉ଶ 2⁄ ൅ 16݉଺ 3⁄ ൅ 6݉ସ
, ݇ ൌ  .ଵିܿ݁ݏ 27,1

The period of vibrations is 
ܶ  ൌ ߨ 2 ݇⁄ ൌ 2 ڄ 3,14 27,1⁄ ൌ  .ܿ݁ݏ0,23

Integrating the differential equation, we obtain the law of motion of a load 1 
 ݕ ൌ ଵܥ cos ݐ݇ ൅ ଶܥ sin  .ݐ݇

In order to define constants ܥଵ and ܥଶ, determine the equation of velocity of a 
load 

ሶݕ ൌ െ݇ܥଵ sin ݐ݇ ൅ ଶܥ݇ cos  .ݐ݇
Use initial conditions of problem. From the equations ݕ ൌ ሶݕ ሻ andݐሺݕ ൌ ሶݕ ሺݐሻ 

at ݐ ൌ 0 we have 
଴ݕ ൌ ሶݕ ;ଵܥ ൌ  ,ଶܥ݇

whence, 
ଵܥ ൌ ଶܥ ;଴ݕ ൌ ሶ଴ݕ ݇⁄ . 

Hence, 
 ݕ ൌ ଴ݕ cos ݐ݇ ൅ ሺݕሶ ݇⁄ ሻ sin  ,ݐ݇

ݕ ൌ 0,2 cos ݐ27,1 ൅ 0,3 sin 27,1  .ݐ
 
It is possible to obtain this equation in other form if introduce constants of 

integration ܽ a and ߚ having designated 
ଵܥ ൌ  ܽ sin ߚ ଶܥ ; ൌ  ܽ cos  .ߚ

Then  
 ݕ ൌ  ܽ sinሺ݇ݐ  ൅  ,ሻߚ 

where  ܽ ൌ ඥܥଵଶ ൅ ߚ  ,ଶଶܥ ൌ tanሺܥଵ ⁄ଶܥ ሻ, or 

ܽ  ൌ ටݕ଴ଶ ൅ ሺݕሶ଴ ݇⁄ ሻଶ;  ߚ  ൌ tanሺ݇ݕ଴ ⁄ሶ଴ݕ ሻ. 

 
Let's calculate numerical values ܽ and β: ܽ ൌ 3,6  ڄ 10ିଶ݉, ߚ  ൌ tan 0,68. 

As sin ߚ ൐ 0 ሺܥଵ ൐ 0ሻ, then ߚ  ൌ 34 °12ᇱ ൌ  .݊ܽ݅݀ܽݎ 0,597
Finally   ݕ ൌ 3,6  ڄ 10ିଶ sinሺ27,1ݐ ൅ 0,597ሻ  ݉. 



 

 
Fig. 120 

  



 

 
Fig. 121 



 

 
Fig. 122 

  



 

Tab. 4 

Variant 
number 

(Fig. 
120-
122) 

݈ ݅௫  ݅௫ᇱ ସ ݉ଵݎ  ݉ଶ

݉ଷ, 
݉ସ, 
݉ହ

݉଺ c 
Initial 

conditions 
ሺݐ ൌ 0ሻ 

݉ kg  N/cm y0, 
cm

 ,ሶ଴ݕ
m/sec

1 0,5 - - - 1 2 - 3 40 0,1 5,0 
2 0,5 - - 0,2 1 2 2 3 40 0 6,0 
3 0,5 3/2r - - 1 - 4 3 20 0,2 7,0 
4 0,6 - - - 1 2 3 2 36 0,2 0 
5 0,6 - - 0,15 1 - 3 3 16 0 8,0 
6 0,6 - - 0,15 1 - 1 1 40 0,3 7,0 
7 - - - - 1 - 2 2 40 0,4 0 
8 - - - - 1 3 2 - 40 0 6,0 
9 0,6 - - - 1 2 - 3 38 0,5 5,0 
10 0,6 - - - 1 2 - 3 32 0 6,0 
11 - - - - 1 2 - 3 30 0,4 7,0 
12 0,5 - - - 1 2 - 3 20 0,2 0 
13 0,3 - - - 1 1 1 2 32 0 8,0 
14 0,4 - - 0,1 1 - 2 3 20 0 7,0 
3√ݎ 0,4 15 - - 1 - 2 2 20 0,1 0 
16 - - - - 1 2 3 - 32 0,3 6,0 
17 - - - - 1 2 - 2 20 0 5,0 
18 - - - - 1 2 1 - 40 0 6,0 
19 0,2 - - - 1 1 - 1 32 0,1 0 
20 0,5 - - - 1 2 - 3 20 0,4 7,0 
21 - 2r - - 1 - 2 3 32 0 8,0 
0,1 40 - 4 2 1 - 2√ݎ - - 22 7,0 
23 0,4 - - 0,2 1 2 2 3 40 0,3 0 
 6,0 0 40 2 3 - 1 - 3√ݎ - - 24
25 0,3 - - 0,1 1 2 2 1 40 0,2 5,0 
2√ݎ - 26 - - 1 - 2 - 40 0,3 0 
27 - - Зr/2 - 1 2 3 - 40 0 6,0 
0,2 40 - 3 2 1 - 3√ݎ - - 28 0 
29 - - 4r/3 - 1 2 3 - 40 0 7,0 
0,3 40 - 3 2 1 - 2√ݎ - - 30 7,0 

 

 



 

8.6. Application of the Lagrange’s Equations to Research of Motion of 
Mechanical System with Two Degrees of Freedom 

 
The mechanical system of bodies (Fig. 127—129) moves under the action of 

constant forces ࡼ and couples with the moments ܯ or only under the gravity forces. 
Make up the equations of motion of system in generalized coordinates ݍଵ and ݍଶ 

at the specified initial conditions. The necessary data are reduced in tab. 5; in the 
same place recommended generalized coordinates are specified (ݔ and ߮ are 
generalized coordinates for absolute motion, and ߦ is for relative motion). 

Neglect masses of the threads. Take into consideration that the rolling of wheels 
occurs without a slippage. Neglect rolling friction and forces of resistance in 
bearings. Wheels for which in the table 5 inertia radii are not specified, consider as 
solid homogeneous disks. Consider cages (cranks) as thin homogeneous rods. Accept 
that in variants 6, 9, 11, 20, 22 and 30 mechanism is located in a horizontal plane. 

Radii of gyration of bodies 2 and 3 are defined with respect to the central axis 
perpendicular to the figure. Coefficient of viscosity is a quantity ܾ in expression ࡾ ൌ
െܾ࢜, where ࢜ is a relative velocity of bodies 1 and 2 

Example It is given: masses of bodies of mechanical system (Fig. 123) ݉ଵ  ൌ
 3݉; ݉ଶ ൌ  8݉;  ݉ଷ ൌ  ݉ସ ൌ  ݉଺  ൌ  2݉; ݉ହ  ൌ  4݉; ݉଻  ൌ  ݉;  is a constant ࡼ 
force applied to a body 2; ܯ is a constant moment applied to a block 6; ܾ is a 
coefficient of proportionality in expression for force of resistance to motion of a body 
ࡾ :5 ൌ —ܾ࢜ହ(࢜ହ is a velocity of a body 5); ܮ is a length of a thread 3; ݎ is a radius 
of the blocks 4 and 6. Here the thread 3 is accepted ponderable. This is a 

complicating in comparison with the 
common condition of the problem. 
Thread sagging is not considered. 

Consider all wheels as solid 
homogeneous disks. Neglect sliding 
friction of a body 2. 

Make up the equations of motion 
of system in generalized coordinates 
ଵݍ  ൌ ଶݍ ;ଵݔ  ൌ    .ଶݔ

Initial conditions: ݍଵ଴ ൌ 0 (initial distance on a vertical from the lower end of a 
thread 3 to its horizontal site equals ݈଴), ݍଶ଴ ൌ 0, ሶଵ଴ݍ ൌ 0, ሶଶ଴ݍ ൌ  .ሶଶ଴ݔ

In Fig. 123 system is figured in initial position.  
Solution. In order to resolve problem, we will apply the Lagrange’s equations  

݀
ݐ݀

߲ܶ
ሶଵݔ߲

െ
߲ܶ
ଵݔ߲

ൌ ܳଵ; 

݀
ݐ݀

߲ܶ
ሶଶݔ߲

െ
߲ܶ
ଶݔ߲

ൌ ܳଶ, 

where ܶ is a kinetic energy of a system; ܳଵ and ܳଶ are generalized forces 
corresponding to generalized coordinates ݔଵ and ݔଶ. 

For the given system ܶ ൌ ∑ ௜ܶ.଻
௜ୀଵ  

Let's express velocities of the centers of mass of rigid bodies of system through 



 

generalized velocities: 

ଵݒ ൌ ହݒ ൌ ;ሶଵݔ
ଶݒ ൌ ଺ݒ ൌ ;ሶଶݔ

଻ଶݒ ൌ
ሺݔሶଵ ൅ ሶଶሻଶݔ

4
൅ ሶଶଶݔ െ ሺݔሶଵ ൅ ሶଶݔሶଶሻݔ cos ߙ ,

ൢ 

Taking into account that ߙ  ൌ  30°, 

଻ଶݒ ൌ  0,25ሾݔଵሶ ଶ  ൅  ሺ5  െ  2√3ሻ2ݔଶሶ ଶ െ  2ሺ√3 െ  1ሻݔଵሶ ଶሶݔ ሿ. 
It was considered that ሺݔሶଵ ൅  ሶଶሻ/2 is a velocity of the centre of mass of a bodyݔ

7 concerning a body 2, i.e., relative velocity and ݔଶሶ  is its transport velocity (Fig. 124).  
Angular velocities of bodies (Fig. 123—125) 

߱ସ ൌ
ሶଵݔ
ݎ
;

߱଺ ൌ ω଻  ൌ
ሶଵݔ ൅ ሶଶݔ

ݎ
.
ൢ 

Moments of inertia of wheels 
with respect to the central axes are 

ସܬ  ൌ   ଺ܬ ൌ
ଶ௠௥మ

ଶ
ൌ ;ଶݎ݉  ଻ܬ  ൌ

 ሺ݉/2ሻሺ2/ݎሻଶ ൌ   .ଶ/8ݎ݉ 
Kinetic energy of bodies 1, 2, 4—7 is 

ଵܶ ൌ  ݉ଵݒଵଶ/2  ൌ ଵሶݔ3݉  ଶ/2;   ଶܶ  ൌ  ݉ଶݒଶଶ/2  ൌ ଶሶݔ4݉  ଶ; 

ସܶ  ൌ
ସ߱ସଶܬ

2
ൌ
ଵሶݔ݉ ଶ

2
; ହܶ  ൌ

݉ହݒଷଶ

2
ൌ ଵሶݔ2݉  ଶ; 

଺ܶ  ൌ
݉଺ݒ଺ଶ

2
൅
଺߱଺ܬ

ଶ

2
ൌ  0,5݉൫ݔଵሶ ଶ ൅ ଶሶݔ3  ଶ  ൅  ;ሶଶ൯ݔሶଵݔ2 

଻ܶ ൌ
݉଻ݒ଻ଶ

2
൅
଻߱଻ܬ

ଶ

2
ൌ   ሺ݉/16ሻሾ3ݔሶଵଶ  ൅ ሺ11  െ  4√3ሻݔሶଶଶ െ  2ሺ2√3 െ  3ሻݔሶଵݔሶଶሿ. 

Taking into account that all points of a thread 3 have equal velocities ݒଷ௜ ൌ
ଷݒ   ൌ   ሶଵ, and that ∑݉ଷ௜ݔ  ൌ  ݉, we have ଷܶ  ൌ  ݉ଷݒଷଶ/2  ൌ   .ሶଵଶݔ݉ 

Substituting all these magnitudes, one can obtain 
ܶ  ൌ   ቀ

݉
16
ቁ ሶଵଶݔ75ൣ  ൅  ൫99  െ  4√3൯ݔሶଶଶ  ൅  2൫11  െ  2√3൯ݔሶଵݔሶଶ൧. 

And now let’s define generalized forces ܳଵ and ܳଶ corresponding to generalized 
coordinates ݔଵ and ݔଶ. Consider virtual work of all forces on virtual displacements 
 .ଶݔߜ ଵ andݔߜ

Define virtual work of all the forces done in a virtual displacement ݔߜଵ. It 
should be born in mind that now ݔߜଶ ൌ 0. We have 

ଵܣߜ ൌ ሻࢍሺ݉ଵܣߜ ൅ ሻࡾሺܣߜ ൅ ሻܯሺܣߜ ൅ ሻࢍሺ݉଻ܣߜ ൅  .ሻࢍሺ݉ଷܣߜ

Calculate all of these members: 



 

ሻࢍሺ݉ଵܣߜ ൌ ݉ଵ݃ݔߜଵ, ሻࡾሺܣߜ ൌ െܾݒହݔߜଵ ൌ െܾݔሶଵݔߜଵ , ܣߜሺܯሻ ൌ െெ
௥
,ଵݔߜ

ሻࢍሺ݉଻ܣߜ ൌ െ௠ళ௚
ଶ
sin 30°  .ଵݔߜ

Let's notice that work of a gravity force ݉଻ࢍ of a thread 3 from position ܽ′ܾ′ to 
position ܾܽ, at which ݔଵ  ൌ  0, is equal to the work of a gravity force of a site of a 
thread ܾܾ′ at its displacement to position ܽܽ′ (Fig. 126).  

Thus, 
ሻࢍሺ݉ଷܣߜ ൌ

௠య௚
௅
ሺݔଵ ൅

௟బ
ଶ
ሻݔߜଵ. 

Then, taking into account the data of the problem, we 
receive 

ଵܣߜ ൌ ൤2,75݉݃ െ ሶଵݔܾ െ
ܯ
ݎ
൅
2݉݃
ܮ

ሺݔଵ ൅
݈଴
2
ሻ൨  .ଵݔߜ

Hence,  

ܳଵ ൌ 2,75݉݃ െ ሶଵݔܾ െ
ெ
௥
൅ ଶ௠௚

௅
ሺݔଵ ൅

௟బ
ଶ
ሻ. 

Define virtual work of all the forces done in a virtual displacement ݔߜଶ. It 
should be born in mind that now ݔߜଵ ൌ 0. So we have 

ଶܣߜ ൌ ሻࡼሺܣߜ ൅ ሻࢍሺ݉଻ܣߜ ൅  .ሻܯሺܣߜ

Determine all of these members: 

ሻࡼሺܣߜ ൌ ሻࢍሺ݉଻ܣߜ ,ଶݔߜܲ ൌ െ௠ళ௚
ଶ
sin 30° ,ଶݔߜ ሻܯሺܣߜ ൌ െெ

௥
 .ଶݔߜ

Thus,   

ଶܣߜ  ൌ ൬ܲ െ
݉݃
4
െ
ܯ
ݎ
൰  ,ଶݔߜ

whence 
 ܳଶ ൌ ܲ െ ௠௚

ସ
െ ெ

௥
. 

Substituting all results in the Lagrange’s equations, we receive the differential 
equations of motion of a system: 

75
8
ሷଵݔ݉ ൅

11 െ 2√3
8

ሷଶݔ݉ ൌ 2݉݃
ଵݔ
ܮ
൅ ݉݃ ൬2,75 ൅

2݈଴
ܮ
൰ െ ሶଵݔܾ െ

ܯ
ݎ
; 

99 െ 4√3
8

ሷଶݔ݉ ൅
11 െ 2√3

8
ሷଵݔ݉ ൌ െ

݉݃
4
൅ ܲ െ

ܯ
ݎ
. 

Expressing ݔሷଶ from the second equation and substituting in the first one, we 
obtain 

ሷଵݔ ൅ ሶଵݔ2݊ െ ଵݔܿ ൌ ܽ, 
where 

݊ ൌ
0,0538ܾ

݉
;  ܿ ൌ

0,215݃
ܮ

; 



 

ܽ ൌ ݃ሺ0,298  ൅  0,215݈଴/ܮሻ െ — ሻ݉ݎሺ/ܯ0,099  0,0088ܲ/݉. 
Let's define the solution of this linear non-uniform differential equation. Its 

characteristic equation is 
ଶݖ  ൅ ݖ2݊  െ ܿ  ൌ  0. 

Its equation roots are 
ଵ,ଶݖ  ൌ  െ݊ േ ඥ݊ଶ  ൅  ܿ. 

Then the general solution of the differential equation has a form: 
ଵݔ  ൌ   ݁ି௡௧ ቀܥଵ݁√௡

మ ା ௖௧  ൅ ଶ݁ି√௡ܥ 
మ ା ௖௧ቁ –

ܽ
ܿ
. 

In order to define constantsܥଵ and ܥଶ, differentiate this solution 
ሶଵݔ  ൌ   ݁ି௡௧ ቂቀെ݊ ൅ ඥ݊ଶ  ൅  ܿቁ ଵ݁√௡ܥ

మ ା ௖௧ െ ቀ݊ ൅ ඥ݊ଶ  ൅  ܿቁ ଶ݁ି√௡ܥ
మ ା ௖௧ቃ. 

Using initial conditions: at ݐ  ൌ ଵݔ   ,0  ൌ  0; ሶଵݔ  ൌ  0, we have 
ଵܥ ൅ ଶܥ െ ܽ/ܿ  ൌ  0; 

ቀെ݊ ൅ ඥ݊ଶ  ൅  ܿቁ ଵܥ െ ቀ݊ ൅ ඥ݊ଶ  ൅  ܿቁ ଶܥ  ൌ  0, 
whence 

ଵܥ ൌ
ܽ

2ܿ ൅ √݊ଶ  ൅  ܿ
ቀ݊ ൅ ඥ݊ଶ  ൅  ܿቁ ;

ଶܥ ൌ
ܽ

2ܿ ൅ √݊ଶ  ൅  ܿ
ቀെ݊ ൅ ඥ݊ଶ  ൅  ܿቁ .

ൢ 

Thus, we have equation of motion of the system describing change of the first 
generalized coordinate. To receive the second equation of motion, we find  

 
ሷଶݔ ൌ

଼
ଽଽିସ√ଷ

ቀെ ௚
ସ
൅ ௉

௠
െ ெ

௠·௥
ቁ െ ଵଵିଶ√ଷ

ଽଽିସ√ଷ
ሷଶݔ ሷଵ, orݔ  ൌ  ݇ െ  ,ሷଵݔ0,0818

 
where ݇  ൌ  0,0869  ቂ ଵ

௠
ቀܲ െ ெ

௥
ቁ െ ௚

ସ
ቃ.  

Integrating, we obtain 
ሶଶݔ  ൌ —ݐ݇ ሶଵݔ0,0818  ൅ ܥଷ; ݔଶ  ൌ ଶ/2ݐ݇  െ ଵݔ0,0818   ൅ ܥଷݐ  ൅  .ସܥ 

 
Using initial conditions: at ݐ  ൌ  0, ଵݔ  ൌ ଶݔ ;0  ൌ ሶଵݔ ;0  ൌ ሶଶݔ ;0   ൌ    ሶଶ଴,  weݔ

find ܥଷ  ൌ ସܥ        ;ሶଶ଴ݔ  ൌ  0. 
Finally we have 
 

ଶݔ  ൌ
௞௧మ

ଶ
െ 0,0818 ቂ݁ି௡௧ ቀܥଵ݁√௡

మ ା ௖௧  ൅ ଶ݁ି√௡ܥ 
మ ା ௖௧ቁ – ௔

௖
ቃ ൅  .ݐሶଶ଴ݔ

 
This is the second equation of motion of a system. 



 

 
Fig. 127 

  



 

 

 
Fig. 128 

  



 

 

 
Fig. 129 
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 ଵݍ ଶݍ ଵ଴ݍ ଶ଴ݍ ሶଵ଴ݍ ሶଶ଴ݍ

1  2݉  6݉ ݉ ݉  െ  െ  െ െ െ െ െ  ݔ  ߦ 0 0 0 0
2  ݉  3݉ െ െ  െ  െ  െ െ ܯ െ െ  ߮  ݔ 0 ଴ݔ 0 0 Neglect mass of the belt 

3  ݉  3݉ 2݉ െ  െ   2√ݎ െ െ ܯ െ െ  ߮  ݔ 0 0 0 0 Moment ܯ is applied at 
cage 

4  ݉  4݉ െ െ  െ  െ  െ െ െ 0 ܾ   ݔ ߦ 0 0 ሶ଴ݔ 0 Body 1 is a particle 

5  ݉  2݉ 4݉ 2݉  2݉ െ  െ െ െ ƒ െ  ଵݔ  ଶݔ 0 0 0 0
Pulleys 5 and 6 are freely 
shafted on a common axle, 
their masses being equal 

6  ݉  2݉ 3݉ െ  െ   ݎ2 െ െ ;ଵܯ ଶܯ െ െ ߮ଵ   ߮ଶ 0 0 0 0 Moment  ଵ is applied atܯ
cage 

7  3݉  3݉ ݉ ݉  െ  െ  െ ଵܲ; ଶܲ െ െ െ  ଵݔ  ଶݔ 0 0 0 0
8  ݉  2݉ 2݉ 2݉  2݉ െ  െ െ െ ƒ െ   ݔ ߦ 0 0 0 ሶ଴ߦ
9  ݉  2݉ 3݉ െ  െ  െ  െ െ ;ଵܯ ଶܯ െ െ  ߮ଵ  ߮ଶ 0 0 0 0 Moment  ଵ is applied atܯ

cage 
10  2݉  2݉ ݉ 2݉  ݉  െ  െ െ െ ƒ െ  ݔ  ߦ 0 0 ሶ଴ݔ 0
11  ݉  3݉ 2݉ ݉  െ   ݎ4 2√ݎ െ ;ଵܯ ଶܯ െ െ  ߮ଵ  ߮ଶ 0 0 0 0
12  2݉  5݉ ݉ െ  െ  െ  െ ܲ െ ƒ െ  ݔ  ߦ 0 ଴ߦ 0 0
13  ݉  3݉ 2݉ െ  െ  െ  െ െ െ െ ܾ  ݔ  ߦ 0 0 0 ሶ଴ߦ Body 1 is a particle 
14  2݉  ݉ ݉ 2݉  െ  െ  െ െ ܯ െ െ  ߮  ߦ 0 0 0 ሶ଴ߦ
15  3݉  ݉ 2݉ െ  െ  െ  െ ܲ ܯ െ െ  ߮  ݔ 0 0 0 0 Neglect mass of the belt 



 

Continuation of the tab.5 
V

ar
ia

nt
 n

um
be

r 
(F

ig
. 1

27
-1

29
) Masses of bodies Radii of 

gyration 

Fo
rc

es
 ܲ

 

M
om

en
ts
ܯ 

 Coefficients 
of 

Generalized 
coordinates Initial conditions 

Supplementary 
data 

1  2 3 4  5  ݅ଶ௬ ݅ଷ௬  

fr
ic

tio
n 

vi
sc

ou
si

ty
 

ଵݍ ଶݍ ଵ଴ݍ ଶ଴ݍ ሶଵ଴ݍ ሶଶ଴ݍ

16  2݉  3݉ 2݉  ݉  െ  ݎ2 െ െ ܯ െ െ  ߮ ݔ 0 0 0 ሶ଴ݔ
Moment ܯ is 
applied at cage 

17  ݉  3݉ െ െ  െ  െ െ ܲ െ 0 ܾ  ݔ ߦ 0 ଴ߦ 0 0 Body1 is a 
particle 

18  2݉  2݉ ݉ ݉  3݉  െ െ െ ܯ ƒ െ  ݔ ߦ 0 0 0 0
19  2݉  2݉ 3݉  ݉  െ  െ 2√ݎ െ െ ƒ െ  ݔ ߦ 0 0 ሶ଴ݔ 0

20  2݉  3݉ ݉ 3݉  െ  െ െ െ ;ଵܯ ଶܯ െ െ  ߮ଵ ߮ଶ 0 0 0 0 Moment ܯଵ is 
applied at cage 

21  2݉  2݉ 3݉  2݉  ݉  െ 2√ݎ െ െ െ െ  ݔ ߦ 0 0 ሶ଴ݔ 0
22  ݉  3݉ 2݉  ݉  െ  െ െ െ ;ଵܯ ଶܯ െ െ  ߮ଵ ߮ଶ 0 0 0 0 The same 
23  2݉  ݉ ݉ ݉  3݉  െ െ െ ƒ െ  ݔ ߦ 0 0 0 ሶ଴ߦ

24  ݉  3݉ ݉ െ  െ  െ െ ܲ െ െ ܾ  ݔ ߦ 0 ଴ߦ 0 0 Body1 is a 
particle 

25  2݉  2݉ ݉ െ  െ  െ െ ଵܲ; ଶܲ െ ƒ െ  ଵݔ ଶݔ 0 0 0 0
26  ݉  3݉ 2݉  3݉  െ  െ ݎ െ ܯ െ െ  ߮ ߦ 0 0 0 ሶ଴ߦ
27  2݉  2݉ 3݉  ݉  2݉  2√ݎ 3√ݎ െ ܯ െ െ  ߮ ߦ 0 0 0 0
28  ݉  3݉ ݉ െ  െ  െ െ ܲ െ െ െ  ݔ ߦ 0 0 0 ሶ଴ߦ
29  2݉  4݉ ݉ ݉  െ  െ െ ܲ െ ƒ െ  ݔ ߦ 0 0 ሶ଴ݔ 0

30  3݉  2݉ 2݉  െ  െ  െ െ െ ;ଵܯ ଶܯ െ െ  ߮ଵ ߮ଶ 0 0 ሶ߮ ଵ଴ 0 Moment ܯଵ is 
applied at cage 



 

 


